(General Tensor

Let us consider a general coordinate transformation:

x*=x(z),a=1.....,n (1)

n is the dimension of space.
We hayve:
ox'"

oxb

dx'" = d® (2)

In analogy with this we say that V' is a contravariant vector if under (1) it
transforms like (2), i.e.

V) = 2y 3)

Similarly, let us consider the gradient of a scalar function. We say that A(x) is a
scalar function if: A/(xr)= A(x). It follows that:

OA'(z")  0A(z) 0A(x) Ox° (4)
ox'*  or'*  Oxb Ox




In analogy with this transformation law, we say that U, is a covariant vector if
under a change of variables (1), we have:

Oxb

Ulla) = 22 Us(a) (5)

1 Tensor Product

Consider two covariant vectors, U,,V,. We have:

= O e Vala) (6)

/ /
Ua(x/)‘/b(x,) T ax/a a,fl?/b c

We say that a set of functions T, that transforms under (1) as (6) is a covariant
tensor of rank 2. That is:

~ Ox¢ 0x¢

ila') = Gy Teala) (7)

We call S, = U,V, the tensorial product of the two covariant vectors U, and V.
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: bi....b, . :
Generally we says that a set of functions T L7 g p-covariant and q-

a,....0p

contravariant tensor if under (1) we have:
by....b, _ Oz Ox®r oz’ 8x’qu dy....d,

a,....ap or'™ " Px'"? Oxdr T Pyl c,....cp

T () (8)

The tensor product of two arbitrary tensors U b1--bg ,V di.odhs defined by
aj....ap C1...Cp
b1....bg dy....ds
U aj....ap (2)V C1...Cp (%) )

is a (p-+r) covariant and (q+s) contravariant tensor.

2 Contraction

2.1

Consider a mixed tensor T’ Z , then
S=1T1,



is a scalar.
NOTATION (Einstein): Repeated indices in a monomial are summed from 1 to n.
Proof:

1a C
O O 1) = 56T (z) = Tx)

Téa(’x/): axb ax/a, C

In general the contraction of an upper index with a lower index in a p-covariant and
g-contravariant tensor produces a (p-1) covariant and (q-1) contravariant tensor.

Notice that contraction of different indices, produces different tensors.

3 Some important tensors

Kronecker delta:dp is a one covariant, one contravariant tensor. Moreover it is an
invariant tensor, because it has the same components in all coordinate systems.

Proof:
5 oz’  ox' 0xc Bzt Oz’ Ox?
@ ox'* Oxc OxdOx'* Ox¢ Ox'®

Og (10)

Symmetric and antisymmetric tensors.



Consider T3y, a tensor. Then: Sg, =T, + T, and AS, =175, — T}, are tensors,
called the symmetric and antisymmetric component of T,

Proof:

c c c or'¢ Oxd Oxk ox'¢ OxI Ok

/ab (33/) — T’ab(x/) + /ba,( /) — a,flj'?’ a.flf,aﬁ ) jk‘( ) —|_ 8x’b 8 b ax/a jk‘( ) —
ox'® OxI Ok p o1’ oI Ok
6331' ax/a ax,b( ]kz(ﬁlﬂ') —I_Tk:](x)) 833Z ax/aa b jk( ) (11)

The proof is similar for the antisymmetric part.Notice that this operation can be
applied to any pair of indices. Iterative application of the operation will produce
tensors that will form representations of the permutation group S,,.

4 Pseudotensors

We define a pseudotensor of weight r a set of functions Dzll'_'-'_’_zq that under (1)
p
transform as follows:

c1 Cp b1 1bq
b1....bg () = J" Oz ““896 oz “..8:13 Ddl....dq

a,....ap ox'** " 9x! " Oxdr T Pgda T c,....cp

2 () (12)



where J is the jacobian of the transformation (1). i.e.

r=0, tensor
r=1, pseudotensor or tensor density
r=-1, tensor capacity

5 The Levi-Civita symbol

gal....anzsgn< 177, ) (14)

ai....an

Here sgn is the sign of the permutation in brackets. If some of the indices are
repeated, it gives zero.

Use the determinant identity:

5’56/0(1) 6x/0(n)
0z D A )




or
or'™ 9z,

J—lgal....an — £ 1bn
orbr  Ogbn
It follows that €%'~%" is a pseudotensor of weight 1.
Similarly, we can prove that:
ox™ oz
Jgal....a g:blbn

n - axall o o 00 axa/n

SO €q,....a,15 & pseudotensor of weight -1.

6 An important identity

We have that:

(15)

(16)

(17)



Proof:

We must have: i1 =o(1)...., i, =0(n) and j; =A(1), ....Jjn =A(n)for some
permutations o and A, otherwise the determinant vanishes (either two columns
or two rows are equal). Then, we get:

11 1
5ir .50

6%2...6%
in n
E J1--:Jn 3

1 1
5j1....5jn
2 2
5j1....5jn
n 1
5j1....5jn

= sgn(o)sgn(A)

7 Lorentz transformations

/’7045 — LZL%T/MV, 77 — Lt/r]L, det L — :I:l
Proper transformations are continuosly connected to the identity. We can write:
LE =684 w?,

51, 6L
52...62
5r....6L

= sgn(0)sen()) =

Nag = (04 +wi)(05+wi)nuw =05 +wh)(Nus+wus) =1Nas +was+ wsa
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Wea = —Wag, 6 1.1 componentes

7.1 Lorentz group generators

o O o O

o O O O
— O O O
O — O O

Boosts:
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Rotations:

oS O O O o O O O

oS O O O
o O O O

S
I
N
S OO
~ ~— N~

Lie Algebra:

[A,B]=AB - BA
i, Jil = €ijpdi, |[Ki, Kj|=—¢ijrdr, [Ji, Kj]=¢ijiKy

Exercise: Verify eq.(18).
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