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Overview of Supersymmetry and
Supergravity
* Super Poincare
Translatons 17, Lorentz transformations

'][urj']

Spinor supercharge (odd) Qo

Massless multiplets contains spins (s, s-1/2), for s=1/2, 1, 2,



Overview of Supersymmetry and
Supergravity

Supergravity

Gauged supersymmetry was expected to be an extension of general
Relativity with a superpartner of the gravito call gravitino

e () V()  Multiplet (2,3/2)

S. Ferrara, D. Freedman, P. Van Nieuwenhuizen (1976)
S. Deser, B. Zumino (1976)
D. Volkov, V. Soroka (1973),

Extensions with more supersymmetries and extension has been
considered, N=2 supergravity, special geometry. N=1 Supergravity in 11d



Motivation for Supergravity

Supergravity (SUGRA) Is an extension of
Einstein's general relativity to include
supersymmetry (SUSY). General relativity
demands extensions since it has shortcomings

iIncluding at least the following:



Motivation for Supergravity

Space time singularities. The singularity theorems of Penrose,
Hawking and Geroch shows that general relativity is incomplete.

Failure to unify gravity with the strong and electro weak forces.

Einstein gravity is not power counting renormalizable. It is
renormalizable as an effective theory. It is not a fundamental theory

If we include supersymmetry in a theory of gravity. The simple
example of divergences: zero point energy of the vacuum, can
potentially be cancelled by super partners of ordinary particles



The current status of supergravity

* A reliable approximation to M-theory.

« An essential ingrediente for supersymmetric
phenomenology ( minimal supersymmetric
estandar model coupled to N=1 supergravity).

« Applications in cosmology
* An crucial part for the AAS/CFT correspondence
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Clifford algebras ans spinors

Free Rarita-Schwinger field

Differential geometry

First and second order formulation of gravity
N=1 Global Supersymmetry in D=4
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N=1 pure supergravity in 4 dimensions
D=11 supergravity
Killing spinors equations and BPS solutions



Clifford algebras and spinors

» Clifford algebras in general dimensions

Af___,u. ~ L _|_ ~ L/ ﬁr___,u. _ 2” JL ﬂ ‘

Euclidean Clifford algebras
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Clifford algebras and spinors

These matrices are all hermitian with squares equal to 1, and they mutually an-
ticommute. Suppose that D = 2m is even. Then we need m factors in the con-
struction (3.2) to obtain 4*, 1 < u < D = 2m. Thus we obtain a representation
of dimension 2P/2. For odd D = 2m + 1 we need one additional matrix, and we
take v2™F! from the list above, but we keep only the first m factors, i.e. deleting a

. Thus there is no increase in the dimension of the representation in going from
D =2mto D =2m+1, and we can say in gener al that the construction (3.2) gives
a representation of dimension 21P/2, where [D/2] means the integer part of D /2.



Clifford algebras and spinors

we need Lorentzian 4's *  all we need to do is pick

any single matrix from the Euclidean construction. multiply it by i and label it ~”
for the time-like direction. This matrix is anti-hermitian and satisfies (?)? = —1L.
We then relabel the remaining D — 1 matrices to obtain the Lorentzian set ~*,
0 < pu < D —1. The hermiticity properties of the Lorentzian ~’s are summarized by

A[_.-Ju' T — /"\[_-O/"\[_: Ju /"\[_-0

! !



Clifford algebras and spinors

The full Clifford algebra consists of the identity 1. the D generating elements ~*,
plus all independent matrices formed from products of the generators. Since sym-
metric products reduce to a product containing fewer y-matrices by (3.1), the new
elements must be antisymmetric products. We thus define

A_.-IL':']-‘”IL':'T" — /"\I:#l A_.-Pi"?"] oo A_.-P:'U — l/\_.-:u/\_.-v l
|I[ |I[ - @ - |I[ ':. z.t}. |I[ r r Q

2 /

Non-vanishing tensor components
f-:r__.ﬂ'lﬂ'QHJJ'?" — /"\r_.-;‘i.-.l. Ar;u.l P /-:r__.f'-":"?‘ f(:}la /J.J_ % /J:Q % I # ll{-T |

! !

The antysymmetrization indicated with [...] is always with total weight 1

(_;'?P distinc indexes choices



Basis of the algebra for even dimensions
The basis is denoted by the following list {I'*} of matrices
{FA = 0, M, 2 AHLIR2ES L ARLEDY i < g <, < fhy

C-";D index choices at each rank r and a total of 2% matrices.

Other possible basis {I'y =1, Vo> Yuoput s Yuspopts® " ,*‘;,-'M_D?mﬂ_l}
'A78 — ir(

Te(T4T ) = 2™ 65 .

M = Z mA FA . ma = % Tl(:\f I' A)
I .



The highest rank Clifford algebra element

v = (=)™ 071 - yp-1

Provides the link bewteen even and odd dimensions

~2 —

| %

— T in every even dimension and is hermitian

D = Zm the matlm v« 18 frequently called ~vp

Propertles
~ _ lm+ln
[lip2- 1D — Spypgpp Vr
Ar-» T JLE} — O \
€/
] = 0,
Since vZ = 1 and Tr~, =

ince 7, (10
==\ o -1



Weyl spinors

chiral projectors

Pp=35(1+7%), Pr=3(1-7)

W 0
(B)PL@, (JPR@

P P, = P;., PRPr = Pr and PLPgr = 0

No explicity Weyl representation will be used in these lectures



Odd space dimension D=2m+1

we already have enough matrices if we consider the matrices up to v, .. H(D_1)/2
. - - .- - T - i . . e

{FA — . AM A2 A H12/03

! fod !

s D1y /2 }



Symmetries of gamma matrices

the 2" x 2™ matrices, for both D = 2m and D = 2m + 1

distinguish between symmetric and the antisymmetric

eX1sts a unitary matrix charge conjugation matrix, such that

(TN = —t,.cT" .t =+1
implies |

Explicit forms conjugation matrix

I
| —
1.

Cy, = 0103001 R®02R... tot1 =
C. = 02Q01®R09R01 Q... tot1
For odd dimension C is unique (up to phase factor)

The possible sign factors depend on the spacetime dimension D modulo 8
And on r modulo 4



Symmetries of gamma matrices

t, = +1

ty = —1

D (mod 8)

Eqn I NI

I-




Symmetries of gamma matrices

e Since we use hermitian representations, the symmetry
properties of gamma matrices determines also its
complex conjugation

AR _ pn—1 . .
;__,u = —tlot1 B ;’IHB B = lt[]c-”}-’[']

B*B =—-t11



Adjoint spinor

 We have defined the Dirac adjoint, which involves the complex
conjugate. Here we define the conjugate of “any” spinor using the
transpose and the charge conjugation matrix

A=\
Symmetry properties for bilinears

)\";M e X = 0 XV i A Majorana flip



Spinor indexes

The components of the basic spinor A are indicated as A,.
barred spinor are indicated with upper indices: A®

raising matrix ¢’

}\a — )\r_“.b: — C&'ﬁ)\ﬁ

C? are the components of the matrix C1  Note NW-SE line

3
A ¥ — A I (/ *5 Yy e
i S’ ¥ By S Y
CCyp = 04, Cpal” " = 0q
i ! .

Cap are the components of 1



Spinor indexes

The gamma matrices have components (n ,u.)a-;'ﬁ

— X 3
X Aaﬁ L)\ =Y X (ﬁ*,{ L )ﬂ:, )‘;‘3 ‘.

~ —(~ 1y
(”: / g.)g-;;’_‘} — (A,,{ L )r:n-: 'r C'j,- 3 ( I C )r.“r B

(ﬁaﬁ (] . by ) al — — t?‘ ( Aui L]y ) Ba

A Xa = —toAaX “



Flerz rearrangement

* In supergravity we will need changing the pairing of
spinors in products of bilinears, which is called Fierz
rearrangement

Basic Fierz identity from

M = Z m A A ‘_ my = % Tr(MTI'4)
A |

Expanding any A as

rq,:.L.-.
b
-y
|
—
=
=
S
wy
t\.-'l."::'...

(r 4) _L)



Flerz rearrangement

. - B¢ 0 l . Y& nYs 3
Completeness relation Oa' {3¢r..} = om Z(r;—l)f_}:)(r)—l)"}-'l

A

Note that the ‘column indices” on the lett and right sides have been exchanged

We get

_
2??1 —

Vg = (_)?‘A(D _ 2.3,:4) Where 71 4 Is the rank of ['4

N B ‘ Do (T,
(’H:"ﬁ ) o (ﬁaﬁ L )"‘.,- ° VA (rr—l )Cl'i | (r ! )ﬁfl



Charge conjugate spinor

Complex conjugation is necessary to verify that the lagrangian involving
spinor bilinears is hermitian.

Charge conjugate of any spinor

N =B\ B=ityCy’

Barred charge conjugate spinor

AC = (—tgt1)irTA’

It coincides withe Dirac conjugate except for the numerical factor (_t[]tl)

* We use the convention that we interchange fermion fields in the process of complex conjugation,



Majorana spinors

 Majorana fields are Dirac fields that satisfy and addtional
“reality” condition, whic reduces the number degrees of
freedom by two. More fundamental like Wey! fields

Particles described by a Majorana field are such that particles and
antiparticles are identical

Majorana field

=% =By, ie. = B
We have ¢y — B* B 1) which implies B*B =1
Recall
B*B = —t11

which implies  #{ = —1



Majorana spinors

Two cases t; = 41

to = +1 holds for spacetime dimension D = 2, 3, 4. mod &

In this case we have Majorana spinors. We have that the barred conjugated
spinor and Dirac adjoint spinor coincide

In the Majorana case we can have real representations for the gamma
Matrices . For D=4

0 1 )

- T 0y _
Y 0 o1\ R
~ —_— 0 JB e J .":"'. (T‘



Majorana spinors

Note that the ~; are symmetric, while vy 18 antisymmetric
[ . L .

- —t[:]tl B,.}___,u-B—l

!

We have B=1, then Implies W* =W



Dimensions of minimal spinors

Dim | Spinor | min # components | antisymmetric
2 MW 1 1
3 M 2 1.2
4 M 4 1.2
5 S 8 2.3
6 SW 8 3
7 S 16 0,3
8 M 16 0,1
9 M 16 0,1
10 MW 16 1
11 M 32 1.2




Majorana spinors in physical theories

we consider a prototype action for a Majorana spinor field

for D=2,3, 4 mod 8 . Majorana and Dirac fields transform in the same way under
Lorentz transformations, but half degrees of freedom

~y . J_ i D . T A__IU,- i . e
S| = —5/{_1 U0, —m|¥(r)
For commuting spinors [y Z'¢"\y  vanishes
gl C,.}__.;a. i:)ﬂ_ s a total derivative, we need anticommuting Majorana
spinors
0S|V] = — / APz 56U [0, — m]¥(x)

The Majorana field satisfies the conventional Dirac equation



Majorana spinors in physical theories

Majorna action in terms of “Weyl” fields, D=4

Sl = —% / d*z {'ifﬁr-ﬁ'ﬁ")ﬂ_ — -?'n.} (Pr, + Pr)W¥

= — / d*z ['ifﬁs“ﬁ")ﬂ_PL U — %-}"nﬁ! Pry — %-?'n..'ilpg‘lf}
equations of motion

APV = mPpV | PPrVU = mP; U



The free Rarita-Schwinger field

Consider now a free spinor abelian gauge field
U, (x) we omit the spinor indexes

Gauge transformation U, (z) — U, () + O,e(x)

D /2]

¥, and € are complex spinors with ) spinor components

This is fine for a free theory, but interacting supergravity theories are more restrictive .
We will need to use Majorana and/or Weyl spinors

Field strenght (‘_")H_ v, —0, \111{&_ gauge invariant



The free Rarita-Schwinger field

e Action

Properties: a) Lorentz invariant, b) first order in space-time derivatives
C) gauge invariant, d) hermitean

S = — / dPr U PO,

contalns the third rank Clifford algebra element ~#*#

= : : _ A0
W, 1s the Dirac conjugate v, = V'Y
The lagrangian is invariant up to a total derivative

0L = —0, (6470, ,)



The free Rarita-Schwinger field

e Equation of motion
,.}___,u.u o i.‘)p ‘11 p — 0

Noether identities VPO, 0,0, =0

Using «-}.-ﬁ_f-}.-ﬁﬂ-”ﬁ'* — (D _ 2),.\__.12;_}

i
!

~HVP — A HAVP fﬂ VAP 4y fﬁipf«, H

We can write the equations of motion as

,.-}___H_(ﬁ_-)ﬁ_ U, — 0, \;[,r:u_) — ()



Differential geometry

 The metric and the frame field
Line element (g2 — v (x)dxtdz”  Non-degenerate metric

e ) wi
g Gpv = gu,ogp’u — {s)if

- N afn by, : 1 - :
Frame field ¢ (7)) = e ()Navey () 1y = diag(—1,1,. ..,
Inverse frame field el () E;E_E;:: =0y and ene’ =0y,

Given the metric g, (), the frame field f-ﬁ(.r] is not uniquely determined. Any
local Lorentz transtformation A% (x). which leaves 1), invariant. produces an equally
good frame field

el (x) = At (x)el, (x). (6.27)



Differential geometry

 Frame field

__ OxP | ox’ r“

Vﬁ-t-(.»~) — V “( )E“( ') with V “( ) = I “( e H_*(t;t:).

- ]

Vector under Lorentz transforma’uons
Vie(z) = A1 (2)Vo(2).
0
OxH

= (p)dat . (|Ey) = 0f

Vector field E, =¢€l(x)

Dual form



Volume forms and integration

aniy T.{f}]J {ilegl‘ee D-form L@’{-D} can be integrated

] = /w(f«’)

1
= D Wy eopp (X)dzHt N OA dah'P

— / ib’[jllmf)_1{i1iI?U{i1:I?-1 CoddP

Canonical volume form depends of the metric or frame field

dV = Ael A AP
1

ﬁ Eai--a
1

—  rEFmmp

aq o ap
H€ A\ N e

dz"* A ... A daHP



Hodge duality of forms

* [_.:{'I-]_ /\ E’,lﬂ.p — _[_.:b]_ /‘\ (_'.-b(] o aq ‘“('L-p
K o €0y hy,
q.
Ola) —= () — = L a1 L
- o o L — (_W“]-,H“ € /\ ... € )
p! &
1
_ oy # (g
— 7”‘”“1”'“3’: f'z /\ PP f'z P .
P!
Lorentzian signature *(*w{lﬂ) — _(_)I-?'@w{;!ﬂ

Euclidean signature  * (*(P)) = (_)E-Hf#{?-?')



p-forms gauge fields

Sy = —%/*F(” AFO D FU = dg,
S = —3 / FOAFRE P =40
Bianchiidentity (1) — () and dF?) =0
P 2

S, = —1 f ) A pet) o plet) — g A®)

- l D, , RRERIIN .
’“5;?-7' - _2(-'}_'J+ 1)! /d A FH ﬁpﬂﬂﬂ-r“ﬁﬂ-pﬂ

Eﬁﬂ-l Cfptl (]JH— l)d[,u-l A,u.gm,u.ﬁﬂ



p-forms gauge fields

d*FP+) — (0 equations of motion, useful relation

ANB* = (-1)PP"PA* A B

dFP+) — ¢ Bianchi identity
A p-form and D-p-2 form are dual

5, = — / (49 F®H0 A FEE 4 j(Pp2) g FEHD)

can consider FPT1) and p(P=P=2) a5 the independent fields

Algebraic equation of motion «pptl) (_)D—P dp(P—p=2)

b'P=P=2) takes the role of AP



First structure equation

e Spin connection

Let us consider the differential of the vielbvein

a

de f)uf ){11;.5 A dr It Is not a Lorentz vector. Introduce the

— %((),uﬁu . . .
spin connection connection one form

wf('a-b _ i\_l a f:{rli'y:b 4 i\_l ('L-C L:.»’C(-g_ i'\d'b
The quantity de® + L:Jﬂ'g A f__,b — 7a
- - } - — .

mra . A —1la il
transforms as a vector T = A “pd”.
torsion tensor T;j, , = T,f}pL
, fu A —1la c A—la . c ad
;u' — i\_ C (IU’L\- i\_ C WI_L “I i\_ b

same transformation properties that YM potential for the group O(D-1,1)



First structure equation

e Lorentz Covariant derivatives
V(r) = AT () V().
Ul(x) = Up(x)Aa(x),
Tl (x) = Ta(x)A(z)A%(x),
D, V" = 9,V +w, V",
DU, = 0,U,—Uw,’s = 0,Us+ wui"Uy,.
D, Tw = 0T —Tow,a —Tocw s .

I & _ gy € —
Dﬁﬂ'?)“b — “NebWpy a — NacWpy b — —Wuba — Wyab — 0.

The metric has vanishing covarint derivative.



First structure equation

scalar products VU, are preserved under parallel transport

-

Ve(2) = Vo(2) + iV (2) Aa

The geometrical effect of torsion is seen in the properties of an infinitesimal
parallelogram constructed by the parallel transport of two vector fields.

For the Levi-Civita connection the torsion vanishes

de® +wiy A e’ =0

Non-vanishing torsion appears in supergravity



First structure equation

e Covariant derivatives

. _ a b
Wplpy] = Wuab€p€,, 1 terms of

Q[,u.u]p — (d,ufij — E)UEI@) Cap » .T[,u.u]p = ,u.uﬂfia.p
The structure equation T[,u_u]p = 3 [W] +w wlpr] — Wulpp] -
implies
Wulvp] = Wulvp)(€) + Ky
1 b
W,u[u,o](ﬁ) — Q(Q[,uu] - O[up],u + O[,o,u.]u) — W,uub( ) ?jfp :
wﬂ.""b(e) = 2e ”’[“()[ (% Cip—ec b]ﬁf:’w Oyeq© .
~ _ 1
Kuwp) = —3(Twlp = Twolu + o) -
K is called contorsion

jlvp)



First structure equation

e The affine connection

Our next task is to transform Lorentz covariant derivatives to covariant
derivatives with respect to general conformal transformations

7 VP = eP Ja
_ P a7V
__ ﬁal)ﬂ(ﬁul )

S YsP pra a .oa  _byyrv

‘v

_ _ 0 pra o a .a b
Affine connection riw — f'ff-t_(()ﬂ.f;,,, T Wy, g}f;,j) :

relates affine connection with spin connection

v, vt = 9,V 410 V¥

225



First structure equation

e The affine connection

I” _ f‘) L - f‘-}
U = r;w( q) — K",
1
) WT i i
riw( g) = 2J! (() Jov T (-)uﬂ,u-o' — (-)r_fﬂ,u.u) :
) ) ey 4] o ) / )
riw r{x;g — _I‘i,twf T I‘iu,u.f — T,u.u! -

For mixed quantities with both coordinate ans frame indexes, it is
useful to distinguish among local Lorentz and coordinate covariant

derivatives
DV, = (ﬁ")ﬂ_ -+ %wm ;“b) U, .
vﬁ.‘l"u — D;.;.‘;[ju r;,u‘l
Vielbein postulate equivalentto  V,e), = J,€, + w),’ el — Ve =0



First structure equation

« Partial integration we have
OV —9=+v—9g Fﬂﬂ.(ﬂ) from which

The second term shows the violation of the manipulations of the integration by
Parts in the case of torsion

L 7 . 1/
Ixu,u. — _Tu,{e



Second structure equation

e Curvature tensor
spin connection w,q, transiorms as a YM gauge potential for the
Group O(D-1,1)

— +_. ¢ L] +_. A | ' L] P | {-: Y L] ' L] "'1
R,u-wab = (-),u-wua.b — (-)UW pab T Wiacy b T Wyacu b

YM field strength. We define the curvature two form
ab 1 ab (L v
P’ = §R;w (x)dz" AN dzx” .

Second structure equation

{_1wa.b 4 w{'t. A wr:b L ﬂ('a-f}
- f:-: - i -



Bianchi identities

pﬂ'b Aep =dT + w““b ATy .
S R
"Ef.-S"z".-'?I,if} R,{w ;_}ﬂ' — R;aubﬂ E;'f; we have

a a a | a | a | a
R,u-up T Rup,u. T Rp,u-u — _D,u-:z_‘up — Du P DpT,u-u

First Bianchi identity, it has no analogue in YM

1h 1h 1l
D;L.Rup“ T DUR;J;L.“ T D;JR;W(” = ()
usual Bianchi identity for YM

useful relation 0 R,{L-U('Lf} — D,u-owvﬂ.b - Duawgu‘t.b



Riccl identities and curvature tensor

Commutator of covariant derivatives

(D,.D,]®
[Dlu : Du] L,r{'t.
[D‘{L-*. DL’] ‘11

V.. V,JV? =R

Curvature tensor

R,uu o () rﬂ

ar

)] —
R,{LU! a T

Second Bianchi identity

i oT aT
v,il.RMfJ + VMRW- ot V‘DR‘“’U |

—0,T

% R,{ twab M ab P
1 /b

R,u-u ! b |4

1 1h

4 Rﬁ L U{'L-f}ﬁ:":“ W

3 T J (#) T
,uuf r:r1 T,u-u Tr:r'I f

+ 101, —T0. T,

,ur'r Vo VT o

ap b

R,{wubf Cq

= T, Re,"" + T, R, + Ty Re)"



Riccl tensor

o
R,u-u — R,u- e}

Ricci tensor

Scalar curvature R= " R,

R,u.u — Rwe R,u-upr_f — Rpc‘r,u-u

If there is no torsion

Useful relation N ; . ey T
ORu" s = V610, — V, 000,

Ly o

Hilbert action

. C: & ab D
(D B 2)1 'E{'t.br:-lmf:(D_Q}f_?_fl A Ne(D=2) A P = d™r —[]R




Dimensional analysis and Planck units

Gmy, h
=

c My, C

ff & 0
?np — ~ 10 > grams =~ 10 GeV
(} | K
p — S ~ 10~ 33 CI1l

~ 10~ * seconds




General relativity

e Einstein-Hilbert action In first order formalism

_ 1 : 1 .
S = / €abea R0 (w) A el A e = / d*reR (e, w)

2K2 o 2Kk2

GR can be view as a “gauge” theory of the Poincare group?

1
{;nllrab, Pa} — -/4-,{1 — 5

@?ﬁiabiﬁ_ﬁrﬂ_b + 'lf'_"JuaPa
ljju:f.)i — 21’)[]{1 Av] + [A,u ] A-U] — E}Ju:u ﬂbﬂfﬂb T 'T,u :ua Pa

) ﬂ.f) v i .
B Tw"  are the components of the Lorentz curvature and torsion



General relativity

The Poincare gauge transformations are
0A, = Ope+ e, Ayl e = " Py + "My
Local translations de® = De?, dw =0

s a __ a _a co.ab . pmy ab
Local Lorentz oe” =€ pe -, dw?” = —De

Up to a total derivate we EH action is not invariant

L 1 :

0S = 5 / Eﬂ_bfdﬁ}ab A TC Ed
K=,

If we impose by hand the vanishing of the torsion we have invariance.

Notice the vanishing is the equation of motion of EH action with respect

to the spin connection. In this way we get the second order formulation



The first order formalism for gravity
and fermions

Field content  frame field ej; and spin connection w;u

Fermion field ) (.;I;) Action

i ] ) 1 1 _ 1 _—
S= 5+ 519 = /{1[);1? e [%f“f}jﬁ'w}*b( ) — 5&11.--“v“x11 + i‘livﬂq“ s

V¥ = D,V =(0,+ 4'“ W Yap) U

b .'u‘_!

.P

lifv:u_ = ‘I’B —‘;[f(() ;1@;5},{“5)

The total covariant derivative and the Lorentz covariant derivative
coincide for spinor field but not for the gravitino



The first and second order
formulations of general relativity

Curved space gamma matrices

Constant gamma matrices verify {,-}__.('a-ﬁ ,.}___b } _ 2_?](1.5

Frame fields are used to transform frame vector indices to a coordinate basis.
g ﬁ ~ Y
Jr'ﬁl!. o ( |lf — I}I{L ||’. L/ {-'\r Ju . .-'xr.. [ } o {}f’u LV

The curved gamma matrices transforms a vector under coordinate transformations
But they have also spinor indexes

_ N 1_, .ab P A,
,u Tv — (),u [V T P ad L [,ub ] r,uu P

0 .
— ) ((),ufuu _‘_W,uuf}fu riw u;;)

T’Iu ﬁ;r':y —_— D

holds for any affine connection with or without torsion



The first and second order
formulations of general relativity
 Fermion equation of motion
VIV, = 0

VN AL = (Y, Y, — LR) U



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

Euation of motion of the spin connection

Variation of the gravitational action

1 ~ . - i
%) Sy = 2_ 1D Te f’uf Y (DH{\’)L@’UH'E) . DU{\’)L@’I{LU'E})
Y

We have used (SR,{W@E} — Dﬁ;ﬁiwua.b — Du*ﬁw,uﬂ.b

O’SQ — _:/ 115'1 e f“ff} (2?1{&_0@’”“& + .:Z_:u.upb@?p“b)

2k



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

Integration by parts

/\dDiIT- —( vﬁ&‘fﬂ' — /{ii‘D:I? (),{L ( f_g L,?ﬁ.t.) o /{il‘D;’I? \/jg I{U“UL;I{,;

L 1 _ -
052 = 5,3 dPzx e ( 2K, el epdw, I 'ﬂbbﬂbwpﬂ-b)
1 1D . P T PV 7 ab
= 53 d“ze (Tpaey — ToPe, + Tap”) dw, ™,
| S _ 1 D ~V ab
Form the fermion action 051;’2 — 78 /{1 L€ ';["{ ; uf}}‘;[ 0w,

= —é/{lﬂl e UAY ., U {thﬂ'b.



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

The equations of motion of the spin connection gives

T:‘a.bu B I‘:m P oV v 4+ T}ﬂp v %h2 0, A;"u.bv 7,

f_t
the right hand side is traceless therefore also the torsion is traceless

; 1 1 1 Ay T
T:ft.b — E ‘;[ “Vab U = -2k ab

If we substitute  w = w(e)+ K
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The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

The physical equivalent second order action is
X 1D . 1 T ,{LH 1 203 Ti VP
S = — d”re —2R([}) — '1"’}" v,u. W+ Eh (‘I’fﬁ"",u-rfﬂ‘lj)(‘lﬁ“ ‘11)

Physical effects in the fermion theories with torsion and without torsion
Differ only in the presence of quartic fermion term.
This term generates 4-point contact diagrams .



N=1 Global Supersymmetry in D=4

e Susy algebra

{Qa.Q"} = —wa"P".
. -- : 3
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N=1 Global Supersymmetry in D=4

e Susy algebra

In Weyl basis
_ _ 1 . 1
{(w)- +oes (n,)- —_.:'3} — —5 (P L C l) af3 I
{(%_?Jrar (L:J+_.-'ﬂ} = 0 Qi =0QL, Q- =R
{Q-a.Q-p5} = 0 P, =P, P, = Pg

In this form it is obvious the U(1) R symmetry

['TH“. ('-:;):lz] — :FE(-Jj: ’ [.TR': pm] =0 ) [.TR': 'JTHH?] =0



N=1 Global Supersymmetry in D=4

e Basic multiplets

The states of particles with momentum p and energy E(p) = \/ p*+ ?'r%‘ F
1, B) and |p, F)
Qu.|p.B) = |p. F) and Q,|p. F) « |p, B).
Since [P*, Q.] = 0. -m.:zB — -m.%;

chiral multiplet

complex spin 0 boson Z(x) = (A(x) + 1B(x)) /V2

spin 1/2 fermion Majorana field y(z) or Weylspinor P x



N=1 Global Supersymmetry in D=4

e Susy field theories of the chiral multiplet

transformation rules

i 1
0/ = —€ePrx
2
. 1 |
oPry = ﬁPL(f)Z + F)e
. 1 .
0F = —e(dPrx.



N=1 Global Supersymmetry in D=4

 Transformations rules of the antichiral multiplet

41

07 = ePn .
/2 RX
- 1 D
OPRX = EPR(&Z + F)e
= 1

the variations 87, SPrx. 0F are precisely the adjoints of
807, oPrx. oF



N=1 Global Supersymmetry in D=4

» Susy algebra

L | | ,
61,002 = _—\/ﬁﬁll(szLx)—[lHQJ
1 |
— 5?2}7‘5(@92 + Fep — [1 < 2]
I
= —g5f17 €20, 2 .

The symmetry properties of Majorana spinor bilinears has been
used



N=1 Global Supersymmetry in D=4

» Action
Skin = / d*z [—(‘_")’“'Z OuZ — XO@Prx + FF }

&pi/&mww%m—$U%WW@ﬂ

W(Z) superpotential, arbitrary holomorphic function of Z
the action Sg is not Hermitian S = (Sp)’

Complete action S = Siin + S+ Sz

F F Are not a dynamical field, their equations of motion are algebraic

F=-W(Z)

F — _1___{_,.--7(2) we can eliminate them



N=1 Global Supersymmetry in D=4

e WWess-Zumino model

W —'Hrsz2 ng

Eliminating the auxiliary fleld F

Swz = / dz [2((0‘4)2 —m?A? — (0B)* —=m*B? — {(J — m)x)

2
g V(A + iy, B)X+E(4 + AB?) +

I A2 4+ B2)?
3 ¥ PR

kp_':.q



N=1 Global Supersymmetry in D=4

e Susy algebra

Note that the anticommutator { (). (:)} is realized as the commutator of two

variations with parameters €1, €9
01,09]D () = [G_lQ, [Qﬁzﬁ (I)(:I?)H — (€1 < €9)
= &{Qn.Q"}, 0(2)]eas

— _%gl Yeo 0, P(x).

€() = (Qe for Majorana spinors
If we compute the left hand side, this dones not the anticommutator of the

fermionic charges because any bosonic charge that commutes with field
will not contribute



N=1 Global Supersymmetry in D=4

Consider the theory after elimination of F and F

F=-W\(2)
S = / d’ -.[—()ﬂz()ﬂZ— PPy — W W (P + PRW) }
Now the symmetry algebra only closes on-shell

[(31 (h]PLX — —l l"‘“‘qupL [() X — (9 HT”) ]

the extra factor apart from translation is a symmetric combination of the equation
of the fermion field



N =1 pure supergravity in 4 dimensions

e Basics

supersymmetry holds locally 1n a supergravity theory.

the spinor parameters

€(xr) are arbitrary functions of the spacetime coordinates.
he SUSSY aloehr: T Y — Lo Mo F

The SUSY algebra  [01,09]®(x) = —5€17"€20,P(x)

will then mmvolve local translation parameters ey es

Therefore we have diffeomorphism. Thus local susy requires gravity

fields e, (1) 1I,|fit_(;13)T i=1,....N



N =1 pure supergravity in 4 dimensions

There are four major applications of supergravity

1) If there is some sort of broken global symmetry. N=1 D=4 supergravity coupled
to chiral and gauge multiplets of global Susy could describe the physics of
elementary particles

2) D=10 supergravity is the low energy limit of superstring theory. Solutions of
SUGRA exhibit spacetime compactification

3) Role of D=11 supergravity for M-theory

4) AAS/CFT in the limit in which string theory is approximated by supergravity.
correlations of the boundary gauge theory at strong coupling are available from
weak coupling classical calculations in five and ten dimensional supergravity



N =1 pure supergravity in 4 dimensions

From Supersymmetry to SUGRA

{\[ch RL ’ (Jfl} - A,u — 9 1,uUb \[cab -+ €L ¢ RI -+ Y ,uﬂ(p)&

galu Ulllg

R,uu — & 0[#«4:,» [A,u-v Au] — %Rw—f&bﬂ’[ﬂ-b + R#-V&R& T Eﬂ-mQ&



N =1 pure supergravity in 4 dimensions

« Transformation rules for gauge theory point of view
Gauge prameters
e =€"Py+ €My + Qo = €* Py + €*®Myp + Q%
gauge transformations

(Sh © a — % f?ﬁ;r a I_‘ [

p
OV = pEL) = Upt A% pab | ¢



N =1 pure supergravity in 4 dimensions
First order formalism

We regard the spin connection as an independent variable from the frame field.
The action is

S = S+ 53,
i 1 _
Sy = 5 dD:I,‘. € E:“"uf:b” R#_m_b(w) E
2K
] 1 D
53/2 - D2 d¥ e Yuy D vWp

2y — A al L, .aby
Du'fr’-’,o — 'f)u'I.i-’,f_:r + 1%Yvab” Wp -

k? = 8mGy is the gravitational coupling constant



N =1 pure supergravity in 4 dimensions

» First order formalism
Let us compute the equations of the spin connection

] _
N —_— - ‘[} e 1 ,---~-\.-.r{'!"ir’)l J”,-'\ aly N s ﬂ'b
{(j .L_S 3 Ier — 8 h‘z {1 €T e ( I_’Iu / / ('Ub I_’I” ){)) A

valid for D=2,3,4,10, 11 where Majorana spinors exist

spinor bilinears of rank 3 are symimetric ,therefore we have

Ulﬂn: als - _1 ﬁ__,{L-U;_} _:aﬁ: ‘{_L_ -,.L; —_.;O "
Pul™ " Tab®Wp = Wy ( " ab + 0 f[ € b€ ]a-]) Pp

!



N =1 pure supergravity in 4 dimensions

Sy = 5 APz e (—QK W_"}E:ﬁ'f:g{‘)w;fb + ﬂ.b’ot‘)wp“’b)
1 1D .. | PV TPV | vy &, , ab
T 9k2 d”xe (]}m_ e, — Lpp' e, + Tap )ow, ™,

The spin connection equation of
motion is

t’5 SQ + t’5 53 /:2 — O



N =1 pure supergravity in 4 dimensions

 First order formalism

' ot J‘ _1 -~ J- 1 ) LV a/
Loy = 3 Wa ; I b T 1% ,ﬁ {c'abf,.-"-’;_}

The fifth rank tensor vanishes for D=4. For dimensions D>4 this term is not
Vanishing and is one the complications of supergravity

The equivalent second order action of gravity is

S = ﬁ {fl_lil.‘- € [R(f) — U 1,uﬁ; I{WﬂDrﬂ;—’:—}p + ESG,torSicm}
1 o
LS(},tDl‘Si(:lll — E |:( I J) H I 1 )( I 1}()A et I a7 —|_ 23 1!() U ) — “J:( I ‘“ﬁ; : E'_?)(I_J"u”} : I_})}

With .
DL;I p — () 31‘” —|_ __I:WUUE)([_)#}; I I_}p



N =1 pure supergravity in 4 dimensions

e Local supersymmetry transformations

The second order action for N=1 D=4 is supergravity is complete and it is
local supersymmetry

r_‘if:i_ %E_’j-’ﬂ? »
Yo/ — ] 1b
{jr_};u — DIHF () F —|— ___I:l,:b?luﬂbf‘};“ € \
Wopab ,{mf}( ) T Ik,uu
¢ _ 1 _1 ~ b~ 1 )

which includes the gravitino torsion

The variation of the action contains terms which are first, third and fifth order
in the gravitino field. The terms are independent and must cancel separately



N =1 pure supergravity in 4 dimensions

 The universal part of supergravity. Second order

formalism

.LST — LSTQ —l_ LSTB Ifg .
~ 1 1D . ap by o
*‘—72 — 2}1—2 d“xree™ e R,{LU('&-E}(W) \

~ 1 1D, . uvp ),

’“53;!';2 — - ﬁ {1 €I e I_’Iu |Ir" DL;I_’!J. .

Sy — A ol L, .ab i '
Du'?..-’-’p == )u'?..-’-*,a 1 TWyab ;_.H U, . We not need to include the connection

I p( )Y,  due to symmetry properties

Wyap(€). s the torsion-free spin connection

k? = 8mGy is the gravitational coupling constant



N =1 pure supergravity in 4 dimensions
« Transformation rules

The variation of the action consists of terms linear in /,, .
“H  From the frame field

variation and the gravitino variation and cubic terms from the field variation

of the gravitino action

Variation of the gravitational action

D | o
{s)bz = ﬁ dD:I? € (Rﬂu _ 5-9;{&.1} R) (—t_:’”}-"{"'i'l__:’.’r )



N =1 pure supergravity in 4 dimensions

oravitino variation  Inthe second order formalism, partial integration
Is valid, so we compute {5‘-;%.-{':#_ by two

. 1
{SJA‘_’YB/Q — - h—? 1 €I € FD Y et )DU + ﬂ
1 1 |
- D e 1D .. =~ 1 p ~ab,
— h'g ‘ 1 LI E F D DU .(. ;} —_— @ | 'Li J Ez f:: |Ir' R#Uub |Ir' L_’!)

We now need some Dirac algebra to evaluate the product ~#"7 f';.—-“b

NP AP Gyl [T{s;ﬁ?]_] + 6y He” 0 }_]



N =1 pure supergravity in 4 dimensions

vp . ab v pab o b I 7

"}-"‘u ;,}___u R#uub — ,_:,u pa Rlu.ua.b + ()R,u.u L bﬁ}”u ] + 6 / [‘uRIu.u’O ]

vpab ¢ b ) . vpb

— ﬁ}’# - R,u-uu.b + ZR,u-upbﬁ"'Iu + "LR;w#bﬁ” g

‘|‘*L’]'u Rﬂ.u Mt Qﬁr"pRI@u K ;
First Bianchi identity without torsin

a a a __ _ _ |
RP“’”:O + Rup,u. + Rp,u.u — 0 ’R,u.u,ou — R#_,,buf:g Rub — R,u.u’ub

Finaly we have

. 1 1 _ i
0;‘)3/2 = ﬁ /dDiIT € (Rlu_p — igﬂ_yR)(f?”}-’M’Iﬁr )

Therefore the linear terms cancel



Local supersymmetry of N =1, D = 4 supergravity

The algebra of local supersymmetry

01, 09] €, = 2(‘)1&2 "Wy — (1= 2) = %r?gﬁ,-""'{‘fl-?;fﬁﬂ_ — (1 < 2)
= QFg “Dye1 — (1 < 2)
= 3(F"Dyer + DyEayer)
= D&%, £ =58 = —587 .

Infinitesimal transformation of the frame field

5&63 () € @ () covariant form
S a4 P P, cPTO a &P p cn‘ a
{s)gffﬂ_ N TPEM < wp bf ‘|‘ rplufﬂ. ‘|‘ v ; r Eﬂ
— VP — £P



Local supersymmetry of N =1, D = 4 supergravity

Ve, =0 eV,
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the dots means a symmetric combination of the equations of motion



Local supersymmetry of ' =1, D = 4 supergravity

e Generalizations

. . . T . a ./,
one can couple the gravity multiplet (fﬁ_., by,

to gauge (A2, A\') and chiral (2, Prx®) multiplets

Supergravity in dimensions different from four

D=10 supergravities Type IIA and IIB are the low energy limits of superstring
theories of the same name

Type Il A and gauged supergravities appear in ADS/CFT correspondence

D=11 low energy limit of M theory that it is not perturbative



D =11 supergravity

Field content

128 bosons degrees of freedom

graviton g,..., 44 of SO(9): [17 3-form C,.,, Czy, 84 of SO(9): E

128 fermions degrees of freedom



D =11 supergravity

Construction of the action and transformation rules

Gauge transformation of 3-form

Ay = 30,005 = Oubup + OB + Opbius
F,u-upr:r' — ‘Ld[ 4;;;}0'] =0 flupn' 8}314,00',0; + 0 JLlU,u.u — 8014,&1;9 )
e =N Bianchi dentity

Ansatz action

B 1
q — QHQ dllil,‘- e /u,u bume o I+‘,uﬁ: ,uu;:rD I‘ . ﬂFﬁiUPn‘F wpo 4+

Initially we use second order formalism with torsion-free spin connection wmb(ﬁ')



D =11 supergravity

e Ansatz transformations

s oa l—,\ a
o€ = 36 (I
{5'?;? 0o D qu -+ (({.. ":,_-&-*;jﬂrﬁ#_ -+ b ";,.--*'3"‘!"6(5:) E By 5€ .
s _ - R ~  aly
{h)_z‘_lf_i_}’;p — _(_F [P:UL_ ﬂ] —_— _gf:f::( JL‘”’}I ;O —|_ UP P: —|— .'r.}‘-}f—ﬂ'i'qu’})

Useful relations

Xyt = Aty =ty =1, =t =1, g =t

To determine the constants we consider the free action (global susy)

~ l 11 /) l e
L‘J[] = E /d [? 'Y HYF ();ﬂ 'p ﬂF’m szpn'



D = 11 supergravity

e transformations

and Bianchi identity we get 1 = (‘:;’216, b = —8a
| C B I
c 0 o L a3vyo O 30 s
0Vy = Ou€+ 216 ( po— 87 5’;-&) Fopyse
0 ‘4#.;.1; p — —C E_ﬁ’:‘[u—u :I.-';j}.e’.}] y

To determine ¢ we compute the commutator of two susy transformations

. 49—
[01&5’2]*‘4;&.14} — —g¢ Glﬁ"'ﬁ'-:?FfTﬁﬂ-Vﬂ

| a With gauge transformation given the
parameter o _ = 0. A
)1, 0 ) ) = —€177 €245,
[Ol*- 02] = Ogusy t Ogauge pv 177 €230up



D = 11 supergravity

e transformations

the conserved Noether current is (coefficient of [ ¢
V2

% ~Byovp 1o af oo\
j B E ( / | { Fﬁ;-;'-}ﬁ-fﬁ _|_ 12 / F‘ﬁ'} / ) I,-—"I'Jf-)

Ansatz for the action and transformations in the interacting case. We introduce
the frame field ¢ () and a gauge susy parameter e(x)

H _
{I)) (1 - i? -~ a I }
D N
V3

YA _ a3vyd ~ 370 s

0 = Duet o (1717 = 89707 ) Fugse
1 3v/2 |
(\’) 4'4,{&?3;‘.} — —_ 4 (__ﬁ}f[ﬂ_y L‘ﬂ'] \



D =11 supergravity

e Action
— l 111 — (L 'bUR 2 A-:L':'UPD 1, l
B 2}’{2 C €T e |e " e -,u-uab — 'I.+"-’,u- Y U'II;.»IO — ﬂ

NG

T o B up\
— on Yo (ﬁ}:ﬂ r W}Exﬁ?é + 12 ;__r“t F. D:;BW}) Wp + ...

06

] .
= —2/{1111136' L
K

We need to find the dots

vpo
i Fpuprf




D =11 supergravity

/2

- (1445)?

/3
- 6K2

[ -
) /dll ~a' 3~ ap rc?,uupF fjfﬂf('ifE"Lj r(ﬁfl s
FA A @ A 4(3) Full action

1
24

(111;1.‘- € [E~(WEWR,LJJJ.:¢E)(LU) - ?;;Jﬁ:mjpDu(%(W + Vf;))wﬁ — _F#UP(TFFWP”

_ _L_.U (,.}_&5376!!;9 + 12,:& 5] UL]@P) (Fn,i 5+ Fﬂj r‘5) (1026)

22

(144)2

o/ 3148 abyouvp , PN
e PYOU fElfjf,.\rfcjfFaﬁjﬁr(g;’lep:| i (102,‘)



D =11 supergravity

Wipab = wyﬂb(f) + Ix,uub

Lz",u-ab — w,uﬂb(f) (I 1 Abh‘u — Ifuﬁ:’ I b T+ I b Va +,u)

4 Loy Aol L7 ~Avp "
[l:uﬂb — _4(I bhu — Wq ',uI b+ 3 ‘b f{1+‘u)‘|‘ 83 v !g.abf,i-’p,
3 prpo 40 Iz 4:};}0‘] + f 2 "I.iil}[g.ﬁ:”'rz;_):uf}c}'] :

This action 1s invariant under the transformation rules

ca — a
0e, = EF Y,
{5)_.3;-_;” — D,u(W‘)F + ST (,},&,5 r('i:u. _ 8 ,.}__.,5 70 A :) E_“.b:,i'3"‘;' s€
(2
OApwp = T Vol -



D = 11 supergravity

The algebra of D = 11 supergravity

-

5o(€1), 60(€2)] = Oget(€M) + L (A™) + 0 (€3) + 4 (6,0)) .

o= genter,
}\a.b _ _Sﬂiﬁgﬂb 4+ 2£1 \/5?1 (,.}___a-bg.upcrIf-mjpg + 24,}__#}}}’3-1:15,{;1;) € .
(2
a =~
Q,u-u — gﬂflp,uu + l\/7F1 T €2 -
The spinor bilinears &, T'(2) ey and &% ¢, have a special role. They are

non-vanishing fot the classical
BPS M2 and M5 solutions .



N =1 pure supergravity in 4 dimensions

Toroidal reduction of D=11 Supergravity

dsf; = e°*?dsiy +e*7?(dy + A.dx")
11 10 10 .
C{p} — C{p} + C{p—ﬂ A dy
1A SUGRA bosonic fields

1.2.3.7.8.9. 2.6

Fermionic fields, non-chiral gravitino, non-chiral dilatino



Bogomol'ny bound

« Consider an scalar field theory in 4d flat space time

L= _5(5);: o) = V(p), V(d)=0o"(m+ go)’
1l
There are two vacua at o=0 o=—-——
g

We expect a domain wall separating the region of two vacua

We look for an static configuration connecting the two vacua
| m
(.TJ(;{') — ——, & — O
g

o) — 0, &= — —0



Bogomol'ny bound

« BPS procedure

The potential V can be wriiten in terms of superpotential W

W = ér?’ + %-gr.ff-* V=W

=

Energy density in terms energy momentum tensor

loo = ‘“‘2 +Vo-Vo+ ‘H'ﬂ‘g
= |0,0]" +|W'|*  for domain wall
Totalenergy ¢ — / e 0207 + W]

= / dr (0,00 — W2 + 2AW

]



Bogomol'ny bound

where AW = [V (¢())];=

r=—oC

We have an energy bound
E > Q\AH\
which is saturated if the first order equation, BPS equation is verified

In this case the energy is < m
- 3g27



Domain wall as a BPS solution

o) = —;—; ‘tanh (p (@ — xo) /2) + 1]

One can prove that this BPS solution is also a solution of the second order
equations of motion

Notice that the domain wall is non-perturbative solution of the equations of motion

If the theory can be embbed in a supersymmetric theory, the solutions of the
BPS equations will preserve some supersymmetry



Effective Dynamics of the domain wall

The width of the domaninwallis 7, ~ - If we consider fluctuations of
Tre

the scalar filed with wave length >>L the dynamics of the will be
Independent of of the details of the wall.

Ot y.z) = der(x) + 00(t,x,y, 2)
The lagrangian up to quadratic fluctuations is

]_.. - N 1 . ) 0 B A — T - ‘
L=L(¢p.)— 5&')?:_(_cﬁqf}){')"*({)qf}) — 5(—()12 —m*+3m tan”h( (4 2{ o) ) (5)?

Let us do the separation of variables

{‘5(.5}(_?, €y, :) = }f(t_ Y, Z)Z(I)



Effective Dynamics of the domain wall

To study the small perturbations we we should study the eigenvalue
problem

5 . o o (r—xg)m
(=07 — m?* + 3m*tan®h( ( 5 0) N Zn(2) = wnZn(2)

!

Exits a zero mode Zo(x) ! ()

— Qq

This zero mode corresponds to a massless excitation and it is associated
with the broken translation invariance

The action for these fluctuations given by

| Lo
S=-T /fffff@;d:(l + a{').j}f{')lﬁr) I'=— /fiﬁL(fﬁ’cE)

It describe the accion of a membrane, 2-brane, at low energies



Effective Dynamics of the domain wall

The membrane action to all orders is given by

S=-T /f‘i:jé-:\f —det g

where Is teh determinat of the induced metric

_ _ 9 vma vn,
Yu ;;(5‘:) — d,u X"0,X Hmn



Supersymmetric domain wall

 WZ Action
Skin = / d*z [—(‘_")’“'Z OuZ — XO@Prx + FF }

Sp = f d*x [FW'(Z) — SxPLW"(Z)x]

W(Z) superpotential, arbitrary holomorphic function of Z SF — (SF)'

Complete action S = S, + Sp + SP

F F Are not a dynamical field, their equations of motion are algebraic

F=-W(Z)

F — _1___{_,.--7(2) we can eliminate them



Domain wall ¥2 BPS

The susy transformations for the WZ model are

- - 1
1 1 _ _——
) | . l = B
SPLX = \gpﬁ(au Fle, PR = —=Pr(@Z+F)e
} | . l |
T ey OF = —edPrv.

For the domain wall ansatz the transformation of the should be

_ _ 1 o _
( "'}-'lﬁ')IZ — W'er + 5(_ -'*;r-li')rZ — Whe

!

b | =

0=90y =



Domain wall ¥2 BPS

This condition implies

0.7 = W'

and

(Y2 —1)er = (72 — 1)er, =0

n:} - - - = ] 1 Ll
As vz =1 and tr v, = 0 the space of solutions for € is 2-dimensional

Note that this supersymmetric calculation recovers the result of the bosonic BPS
Calculation. Therefore the domain wall is %2 BPS

This result can be deduced from the anticommutator of spinorial charges



Classical Solutions of Supergravity

« The solutions of supergravity give the metric, vector
flelds and scalar fields.

 The preserved supersymmetry means some rigid
supersymmetry

d(€) boson = € fermion . d(€) fermion = € boson



Killing Spinors and BPS Solutions

 N=1 D=4 supergravity

Flat metric with fermions equal to zero is a solution of supergravity with

_ Vacuum solution
Guv — Nuv

The residual global transformations are determined by the conditions
ca _ 1l=—.a_;, __ Noly -
{:\) E;ﬁﬂ- —_— 5(__ |Ir' I_’I{L — 0 . 'f:\) I_’I{L — DI{LF — 0

The Killing spinors of the Minkowski background are the set of 4 independent
constant Majorana spinors. We have D=4 Poincare Susy algebra



Killing vectors and Killing spinors

k A = )EI.J[,I /

A O’ *C'I;A Guv = v,u ;‘71;.4 T \71; '11-',{1.-'—1 =0

Ufﬁﬁ kB] — fABC}f-C



Killing Spinors and BPS Solutions

The integrability condition for Killing spinors
Killing spinor condition D,e = 0 Integrability condition

1 ab
[Dﬁm Du]t': — ERH-U('&-E}T“ e =0

Suppose that € and € are both Killing spinors

—/ ~P AV _ab —fﬁ p v
5 € 7 R,{Wu /) € = RI{WF e = ()

2| —

R & {7" .7 e=2R\Ee=0
A spacetime with Killing spinors satisfies Rﬁw = () onlyif g/¢ £ ()



Killing spinors for pp-waves

Ansatz for the metric

ds®> = 2H (u, . ;_t,f){jl'u..2 + 2dudy + dz? + dyz

For H=0 reduces to Minkowski spacetime in light-cone coordinates

uw=(r—t)/vV2,v = (x+1t)/v2

Flat metric in these coordinates  7),p. Where a, b = 4, —., 1,2

Ne— = 1—y =11 = 12 = 1
Note that K = ﬁ")jfﬁ-')t; iS a covariant constant null vector
.- 9, %, N
kY karn = 0, gAY EY =0

tf);l'*” tf)'t,



Killing spinors for pp-waves

The frame 1-forms are

e = du., e =dv+ Hdu. el = dx , e’ = dy

From the first Cartan structure equation we get the torsion free spin
connection one forms

de” +w A e’ =T

wtl = H,e . wt? = Hye

and from the second one

_ _ B ‘ B N ‘ B B
ptt=H, et nem + H‘ryt"z Ne , pre= Hyyt"z ANe  + H_ryt-"l A e



Killing spinors for pp-waves

The Killing spinor conditions are

1 _
Dyt = (O + g Yan)e = 0

explicitely

Due = (04— 3Hoy'y™ — $HA"7 )e =0,

Dye = 0,e=0, D,e =0, =0, Dye =0,e =0.

All conditions are verified if we take constant spinors with constraint

~v e =0, "'}-‘{}"“,-‘1{: =€

Since (yoy')%, tryoyt =0 there are two Killing spinors.



Killing spinors for pp-waves

Notice

2(;;" € — t:—f" ( ,.-} + ,.-} — + ,.-} — ,.-} + ) € — 0

To complete the analysis we need the Ricci tensor. The non-trvial component is

R._=R__14+R, 2= —(Huow + Hyy).

Therefore the pp-wave is Ricic flat if and only if H is harmonic in the variables x,y



pp-waves in D=11 supergravity

Eleven dimensional supergravity with bosonic fileds the metric and the
four-form field strength F4 has pp-wave solutions

ds® = 2dxtdr™ + H(z', 27 ) (dx)? + Z dx')
Fy=dxr™ Ny
1 9
where H (2", 27) obeys AH = 19 A

A is the laplacian in the transverse euclidean space E°

3-form



pp-waves in D=11 supergravity

J/0x™ is a covariantly constant null vector

If we choose
H(x' z7) = E At
where A;; = Aj; 1s a constant symmetric matrix

They have at least 16 Killing spinors. If one choose

1 92¢ c e 4
_6l[ é” Ly ] = 1?2-}3

—%;12(_‘)?;?- 1, =4,5....9
a1l 32, 13 )
o = pdr- Ndr- Ndr, -

AdS,; xST and AdS; x S*

The number of Killing spinors is 32!, like



Spheres

the unit sphere S? is the surface (z1)?>4(22)*+(2%)? = 1
embedded in flat Euclidean space R?

= sin@?sinf, 22 = sin@?coshl, P = cos6?

0 <Ol <2mr. 0<6? <

The metric of the sphere is obtained as induced metric of the flat R3

dQ3 = (dz')? + (dz?)? + (da?)?
—  (d#*)? +sin? 6% (do1)? .



Spheres

Frame one forms

e? = dg?., & = sinp*de!
Spin connection. First structure equation
o2 = cos6%dp!
Curvature. Second curvature equation
ﬁﬂ-b — E('E- /\ Eb

Constant positive curvature



Spheres

Recursive proocedure for higher dimensional sphres

n+1l _ . an a AN a |
Ty = cos ", T(n) = sin T(p—1) s a<n
Frame and connection forms are
=Tl _ 1AM —(l e T —(1 _ o
€n) = de™ . Cln) = sILGE, a<n-—1
—ab _ —ab 2 — cos @&
“(n) — Y(n—1)> “(n) — > (n—1) -
e’ = | | sin@’)da” . a<n,

j=a+1
b—1
0% = cos (:?b( H sin 67 )de . I<a<b<n
j=a+1



Anti-de Sitter space

AdSp for the D-dimensional case simple solutions of supergravity

with negative constant solution

_ 1
S = 5,3 dPx \/ —

A=—(D-1)(D-2)/L?

D—1

R;w — TE};W

AdS i1s an example of a maximally symmetric spacetime
R,u-upr_r =k (g,u-pgwf — g,u-r_:rgup)

. . . . . ( ¢ . 4 ¢
k is a constant of dimension 1/(length)? k= —1/L"



Anti-de Sitter space
Finstein metric

RHV — k(D_l)g,u.u
R = kD(D-1).

Ads as a coset space

Ry, K] = iP,

[Pl-. ]{: — ER] K = ._]01.
_ 1

Py, P = _?-'ﬁh




Anti-de Sitter space

e MC 1-form

0 . Codat Al
Q) =F dr + P, (dr cos E) — I 7 Sin E)
=F eV + P el + K WO

Ads metric

0
19 o I
—+ rf‘f.._r'l {1‘#(1}82 —

R

ds®* = —e’e" 4+ ele! = —da!

Ads can be embedded in pseuo-Euclidean space

Navuu’ = —(u")? + (u')® = (u*)* = =R



metric

Anti-de Sitter space

) =R sin —

=R cos —) cosh —

;,-.U

R

!.U T’l

—R cos — sinh —

R R

;,..U - 1

R

. 9 9
+ l‘flﬁ?l — —({.J”['] -+ {'{_,_;("l

COS

2

- 0

R



Anti-de Sitter space




Anti-de Sitter space

Note that 20 varies in (-R.R) Ve (0, QWR) il e (—OO, OC)

Local parametrization




Global parametrization

QO =h dr’ + I ({'{..I"U cosh !—) + K ('{ ! A )

i g amh o
= I e’ + P el + K WO
: ;,.,l I"D
—R cosh o SIN -
1
)
— R sinh i

T 1 I"U

— R cosh — cos —

R R
1

4 b 9 9
— — cosh? Z—d«"" + dat

R

ds?



Anti-de Sitter space

D—1
}fx‘-l_”AB}fB _ _(}r[_])? 4+ Z(}f'i)? o (}rf))g _ —L-2
=1

the coordinates Y4 = A\ g YP provided that A g is a matrix .

SO(D — 1,2)

Different embeddings

D—1
Y! = rz with Z(f"’)z = 1.
1=1
YO = VI2+4r2sin(t/L)  YP = /L2 4 r2cos(t/L)

7' parameterizes the unit sphere S 2



Anti-de Sitter space

This coordinate system is global , covers the whole hyperbolid for

0<r<oo 0<t< 2rL thealgunlarvariablesthewhole gD—2

New radial coordinate {:f{f}sh(;_u;”L) _ ,\/1 +'r2;’L2

ds? = — {3{?}5112(1; / L){jhf2 -+ dyg + L2 5111112(1; /L) dﬁ%_g

Another possibility cosh(y/L) = 1/cosp t= LT

: L? . [ : .
2 12 1.2 | 2 102
ds® = _ —d7" 4+ (dp” +s1in” pdQH_
cos? p [ ( f PESED 2)}
It is conformalto the direct product of the real line, time coordinate, times the
Sphere in D-1 dimensions




Anti-de Sitter space

Poincaré patch

vV — L'u.:I:U‘_

Y' = Lux', r=1,....D —2
i l [ [ (
= Lo
1 6, . c
yb = — (1 +u?(L? + 11:2)) :
U

= —(:1:0)2 + X:(:;t:‘i)2 .

12 : . L
{; + u? (({1;1?”)2 + Z(d:r"’f)}

ds? = L?




Anti-de Sitter space

dqﬁ—LQ dz? — (dz" +Z{11
9

The metric is conformal to the positive region of D dimensional
Minlowski space with coordinates (-;1:”‘ Tt 2)



Killing spinors for anti-de Sitter space

The bosonic action that leads to AdS space is

_ 1
S = 5,3 APz /=

Killing spinor are solutions of

. 1
D,e=(D, — 5T Y )€ =0
Integrability condition
. A 1 | 1
1
[DH- ] DJJ]E — <4Rﬁwubﬁ:’(” + QLQ(H}P”*”> €
If we insert  Luab =—(€aplor — f'"{'t-vf'"b,u-)f L*  vanishes identically

It is a hint that AdS is a maximally supersymmetric space



Killing spinors for anti-de Sitter space
We will study Killing spinors in the Poincaré patch of AdSp

ds? = e*"/F Nudat dx” + dr?

Frame fields et — e/ Lt e’ = dr
N ,
Spin connection wh" = Ee‘“‘: W’ =0
A 1
Dr — (dr — i’j«, )F = ()
A 1
D, = (Ou+ 57w —1))e=0



Killing spinors for anti-de Sitter space

we Introduce constant spinors 7+ which satisty ~v,.nae = +n4

\
!

ol /2L )

€+ = H

. 1 ..
R (e_rﬁ"[’irEe“’ﬁL:;t:”’;rﬁ_)n_

The last term includes transverse indexes.



