Duality for the electromagnetic field

Duality for gauge field and complex scalar
Interacting theory with one ableian gauge field and a complex scalar
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Bianchi identity and equation of motion
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Duality for the electromagnetic field

Oy Im FH— =0, O, ImGH— = 0

These equations are invariant under the transformation
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Is an SL(2,R) transformation
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a— c+1dZ Which is the transformation of the scalar
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Duality for the electromagnetic field

L(F,Z) = —%Re(ZF— FHY )
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Magnetic and electric charges appear as sources for the Bianchi identity
and generalized Maxwell equation
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Schwinger-Zwanziger quantization condition for dyons P1q2—p2q1 = 27n

We have SL(2,7Z), often called the modular  9roup
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Duality for the electromagnetic field

cauge fields 4;}(;) indexed by A = 1.2.....m

scalar fields ¢
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Duality for the electromagnetic field

oM Im F jf — (0 : Bianchi identities,

c UV — . : : .
Jy, Im G/ A = 0 : Equations of motion



Duality for the electromagnetic field
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Duality for the electromagnetic field

e Duality transformations

-symmetries of one theory (S-duality)

-transformations from theory to another theory (M-
theory applications)



Non-abelian Gauge Field

An element of the gauge group in the fundamental representation

a

U(r) = e ®@ with O(x) = 84 (x)ty
a spinor field ¥ in the fundamental representation

VU(r) — U(x)¥(x)

given any field in the adjoint representation, such as o ()
U(x)taU(x) ! = tgR(z)B 4 RP A = 0% + 6 fac”
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b () = ta0”(x) P(r) — U(x)®(x)U(x)
Gauge potential A () = tAflﬁ(il?)
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Non-abelian Gauge Field

mfinitesimal transformations

. | _
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Covarint derivatives |
D,V = (0, +gA,)U
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Non-abelian Gauge Field

non-abelian field strength

F,u-u — tAFA — KQ;L-AIJ — KL)UA,{L- T Q[A,uw Au]
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Bianchi identity D,F,,+ D,F,,+ D,F,, =0

D,F.. + D,F; + D,F., =0

vp P jLv
Where

D“'FA - ﬁ9ﬁe-F‘4 + ﬂfBC’AAfFA
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Action
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Non-abelian Chern Simons

ok 2
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Equation of motion

F=dA+ANA F=0



Internal Symmetry for Majorana Spinors
Majorana spinors play a central role in supersymmetric field theories

spinor fields of super-Yang-Mills theory are denoted as A*

transform 1n the adjoint representation

)\A N )\fﬁ _ RAB)\B

RAB- real and therefore compatible with the Majorana condition



Internal Symmetry for Majorana Spinors

e D=4 t,  Complex representation, we have the highest rank element

o o g =0t AP+t Pr) o .3
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The chiral projectiosn transform
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Variation of the mass term
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If G=SU(n), the mass term is preserved by SO(n)



The free Rarita-Schwinger field

Consider now a free spinor abelian gauge field
U, (x) we omit the spinor indexes

Gauge transformation U, (z) — U, () + O,e(x)

D /2]

¥, and € are complex spinors with ) spinor components

This is fine for a free theory, but interacting supergravity theories are more restrictive .
We will need to use Majorana and/or Weyl spinors

Field strenght (‘_")H_ v, —0, \111{&_ gauge invariant



The free Rarita-Schwinger field

e Action

Properties: a) Lorentz invariant, b) first order in space-time derivatives
C) gauge invariant, d) hermitean

S = — / dPr U PO,

contalns the third rank Clifford algebra element ~#*#

= : : _ A0
W, 1s the Dirac conjugate v, = V'Y
The lagrangian is invariant up to a total derivative

0L = —0, (6470, ,)



The free Rarita-Schwinger field

e Equation of motion
,.}___,u.u o i.‘)p ‘11 p — 0

Noether identities VPO, 0,0, =0

Using «-}.-ﬁ_f-}.-ﬁﬂ-”ﬁ'* — (D _ 2),.\__.12;_}
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~HVP — A HAVP fﬂ VAP 4y fﬁipf«, H

We can write the equations of motion as

,.-}___H_(ﬁ_-)ﬁ_ U, — 0, \;[,r:u_) — ()



The free Rarita-Schwinger field

 Massless particles

PO, —0,¥,) =0



The free Rarita-Schwinger field

e Initial value problem
The gauge "}-*i‘ll.i — 0 fixes completely the gauge

VW = (U + ie) = 7'Die — VZe =0

1 . ;

the equations of motion in components

V0T — Oyl = 0

Using the gauge condition one can see that Vz‘llg — 0, so Uy =10



The free Rarita-Schwinger field

e Initial value problem
The spatial components W; then satisfy the Dirac equation
~v - OU; =0
We have also O, = 0

The restrictions on the initial conditions are

Y, (7,0) = 0

Uo(7,0) = 0
O, (7,0) = 0

~[D T
there are only 213 ]( D — 3) initial components



The free Rarita-Schwinger field

e Initial value problem

The on-sheel degrees freedom are half of 2[%(D — 3)

In D=4, with Majorana conditions, we frind two states expected for a
a masslees particle for any s>0. The helicities are +3/2 and -3/2



Degrees of freedom
D=11 Supergravity

128 bosons degrees of freedom
graviton g,..., 44 of SO(9): [T

3-form Ci...», C(), 84 of SO(9) E

128 fermions degrees of freedom

SO(9) little group of massless particles of ISO(10,1)

[ = \V__g{.'q — —(F{.q.})z S } + C{g} A\ dC(g} A dC{g} + ... fermions

Fia) = OC3), 4-form field strength d(+F4) + Cz A dCs)) =0



