Dimensional Reduction on Minkowskip = S1.

e Scalar fields

We consider a massive complex scalar field @',(J;ﬂ‘ "U)
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Dimensional reduction

e Spinor fields

Consider D=2m, the spinors in D+1 have the same number of

components
if U(x) satisfies (D — m]¥(x) =0
U = o175 (@ — m(cos23 + 7. sin 23)| U

The sign of of m has no physical significance, since it can be changed

By a field redefinition with 3 _ — /¢
- ;] =~



Dimensional reduction

e Periodic and antiperiodic boundary conditions

U(zh, y) = £V (2t y+27L))

Fourier expansion
ik
Uzl y) = Z e W (),

mode number £ 1s mteger or hali-integer
The D+1 Dirac equation [lfﬁerl —m|U((zH, y)

D=2m+1, ~” =4~ where 7-

highest rank Chfford element in D = 2m dimensions
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implies [@99 — (??’? =+ 1"‘;‘#3)} W (xt)=20.



Dimensional reduction

* Periodic and antiperiodic boundary
conditions

witha chiral transformation with phase tan23 = k/(mlL)

Wesee . (af ) describes particles of mass my2 = (%) +m?



Dimensional reduction

e Maxwell Field

N 9 - ~N
O Fny = 0% Ay — O (0N An)

Az, y) = Z e A (r). Ap(x,y) = Z e App(x)
k ke
Gauge fixing conditon dy Ap =0  implies App(x) =0for k#£0

[t — I component

k=0 : UOpy1Apo=L0LpApo =0
E£0 @ 0FAy =0,



Dimensional reduction

Apo(x) simply describes a massless scalar in D dimensions



Dimensional reduction

e Maxwell Field

k? o
L1p — 72 Aﬂ_k — f_')ﬂ_(f_')I Aur)=0.

For mode number £ = 0 this 1s just the Maxwell equation

For mode number k& # (0 massive vector field with mass -?'n..f,;_ — k2 / L?

Degrees of freedom ( initial conditions) /. # 0 2(D-1), the on-shell degrees
of freedom are D-1

k=0, 2( D-2) corresponding to the vector A,u-U and 2 associated to an scalar

Apo

It coincides with the counting of a massless gauge vector in D+1



Dimensional reduction

« Action of the massive gauge field
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Dimensional reduction

e Rarita Schwinger Field

Consider a massless Rarita-Schwinger field in D+1 with D=2m.
We assume \111{&_(;1:‘_ y) IS antiperiodic, so the Fourier series
modes involve only half-integer k

We choose the gauge vy =20

The reduced equations are

nw=D VPOV, = 0,
p= D=1 PO, =iz Wy = 0

charal transformation WV, = el 1Y+ /4) ;}k



Dimensional reduction

e Rarita Schwinger Field

Gives the equation of motion of a massive RS field
( ,..}_,,{HJ;J [;_.')M —m ,,.: ,u-p) ‘ljp _ 0

There are two constraints

,.-:,{l ‘;[j:u' —_— 0
Mip, =0
Th equation of motion becomes W + '?'T?.} ‘lfﬁ. =0

%(D —2) x 2IP/2 on-shell physical states



Dimensional reduction

Ex. 5.11 Study the Kaluza-Klein reduction for the Rarita-Schwinger field assum-
ing periodicity W, (r,y + 27) = ¥, (v.y) in y. Show that the spectrum seen in
Minkowskip consists of a massive gravitino for each Fourier mode k # 0 plus a
massless gravitino and massless Dirac particle for the zero mode.



Differential geometry

 The metric and the frame field
Line element (g2 — v (x)dxtdz”  Non-degenerate metric

e ) wi
g Gpv = gu,ogp’u — {s)if

- N afn by, : 1 - :
Frame field ¢ (7)) = e ()Navey () 1y = diag(—1,1,. ..,
Inverse frame field el () E;E_E;:: =0y and ene’ =0y,

Given the metric g, (), the frame field f-ﬁ(.r] is not uniquely determined. Any
local Lorentz transtformation A% (x). which leaves 1), invariant. produces an equally
good frame field

el (x) = At (x)el, (x). (6.27)



Differential geometry

 Frame field

. oxf O
E;iiﬂ(;r" ) = T E;‘}(J) ; f;:_fi-(;rf ) = 8;1:!-?' e’ ().
Vi(x) = V“(J)E'ff’(;r) with V%(x) = L’rﬂ'(LI?)EJi*(iI?).
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Vector under Lorentz transforma’uons

Vfu( ) — A la ("T)L’rb(il,‘-).

Vector field E, = E’u(l ))(—)M
oxrH
Dual form @ — H Al — 5
e = ¢} (r)de (| Ep) = oy

(E.. Ey) = QS E. QF, = EuEb(() ey E'),,,E;;)



Volume forms and integration

aniy T.{f}]J {ilegl‘ee D-form L@’{-D} can be integrated

] = /w(f«’)

1
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Canonical volume form depends of the metric or frame field

dV = Ael A AP
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Volume forms and integration

v = eds’.. . dzP7!
= dPx \/ —det g.

+1  ajas---ap an even permutation of 01...(D — 1)

Carag-ap = & —1 ajas---ap an odd permutation of 01...(D — 1)
0 otherwise.

- — . _J‘ fan '.-(1'1 '.-(1'2 . a s '.-{]'.D D = 1PT (L

“pipe-pup  — € “arazap©uy Cus €up ¢ =dcre,
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Action for fields

S = / dV L = / {ﬁlﬂ;’i{?'\/—{fietgﬁ



Hodge duality of forms

* a1 ap by by a1---Qy
e N...e P=—e€ N €8y p, p
q.
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Lorentzian signature *(*w{lﬂ) — _(_)I-?'@w{;!ﬂ

Euclidean signature  * (*(P)) = (_)E-Hf#{?-?')

For D=2m it is possible the constraint of self-duality or antiself duality

Olm) — = Q{_m}



Hodge duality of forms

Lorentzian siganture  —(—)"" = +]

- = . . . )
self-dual F®) is possible in D = 10
Euclidean signature (=)™ = 41
self-dual Yang-Mills instantons in 4 Euclidean

o) A uP) Is a top form and can be integrated

/"”wu’) AwP) = — APz /=g KPR
P!



p-forms gauge fields

Sy = —%/*F(” AFO D FU = dg,
S = —3 / FOAFRE P =40
Bianchiidentity (1) — () and dF?) =0
P 2

S, = —1 f ) A pet) o plet) — g A®)
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p-forms gauge fields

{jl*F{-PJrl) — () equations of motion

dF®+D) — Bianchi identity

A p-form and D-p-2 form are dual

5, = — / (49 F®H0 A FEE 4 j(Pp2) g FEHD)

(D—p—2)

can consider F 1) and b as the independent fields.

Algebraic equation of motion «pptl) (_)D—P dp(P—p=2)

b'P=P=2) takes the role of AP



p-forms gauge fields

() G20 G2 =)

Off-shell degrees of freedom, number of compoents of a p-form in D-1
Dimensions.

On-shell degrees of freedom (Df)



