First structure equation

e Spin connection

Let us consider the differential of the vielbvein

a

de f)uf ){11;.5 A dr It Is not a Lorentz vector. Introduce the
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spin connection connection one form
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same transformation properties that YM potential for the group O(D-1,1)



First structure equation

e Lorentz Covariant derivatives
V(r) = AT () V().
Ul(x) = Up(x)Aa(x),
Tl (x) = Ta(x)A(z)A%(x),
D, V" = 9,V +w, V",
DU, = 0,U,—Uw,’s = 0,Us+ wui"Uy,.
D, Tw = 0T —Tow,a —Tocw s .

I & _ gy € —
Dﬁﬂ'?)“b — “NebWpy a — NacWpy b — —Wuba — Wyab — 0.

The metric has vanishing covarint derivative.



First structure equation

scalar products VU, are preserved under parallel transport

-

Ve(2) = Vo(2) + iV (2) Aa

The geometrical effect of torsion is seen in the properties of an infinitesimal
parallelogram constructed by the parallel transport of two vector fields.

For the Levi-Civita connection the torsion vanishes

de® +wiy A e’ =0

Non-vanishing torsion appears in supergravity



First structure equation

e Covariant derivatives

. _ a b
Wplpy] = Wuab€p€,, 1 terms of

Q[,u.u]p — (d,ufij — E)UEI@) Cap » .T[,u.u]p = ,u.uﬂfia.p
The structure equation T[,u_u]p = 3 [W] +w wlpr] — Wulpp] -
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1 b
W,u[u,o](ﬁ) — Q(Q[,uu] - O[up],u + O[,o,u.]u) — W,uub( ) ?jfp :
wﬂ.""b(e) = 2e ”’[“()[ (% Cip—ec b]ﬁf:’w Oyeq© .
~ _ 1
Kuwp) = —3(Twlp = Twolu + o) -
K is called contorsion
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First structure equation

e Covariant derivatives

Matrix representation of Lorentz transformation

A(x) = exp (%X“'b(21?)'?'”-{(-¢-b})

Spinor representation U'(z) = exp (—%)\ﬂb(ilf)”}’u.b) U(r),

D,V (x) = (E‘)}u + iwﬂ_“‘b(:1:)*‘;.--“_,5) U(x).



First structure equation

e The affine connection

Our next task is to transform Lorentz covariant derivatives to covariant
derivatives with respect to general conformal transformations

7 VP = eP Ja
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Affine connection riw — f'ff-t_(()ﬂ.f;,,, T Wy, g}f;,j) :

relates affine connection with spin connection
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Opel + wypey, — I et = 0 vielbein postulate



First structure equation
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For tensors in general Vudy,. vy = €gy - -€ap Epy - - Cuy D“T b,
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Covariant differentation commutes with index raising

Tﬂ L,rf-) _ gp 1 T,u I;J



First structure equation

e The affine connection

I” _ f‘) L - f‘-}
U = r;w( q) — K",
1
) WT i i
riw( g) = 2J! (() Jov T (-)uﬂ,u-o' — (-)r_fﬂ,u.u) :
) ) ey 4] o ) / )
riw r{x;g — _I‘i,twf T I‘iu,u.f — T,u.u! -

For mixed quantities with both coordinate ans frame indexes, it is
useful to distinguish among local Lorentz and coordinate covariant

derivatives
DV, = (ﬁ")ﬂ_ — %wm ;“b) U, .
vﬁ.‘l"u — D;.;.‘;[ju r;,u‘l
Vielbein postulate euivalentto  V,e;, = J,€,, + w),’ el — Ve =0



First structure equation

« Partial integration we have
OV —9=+v—9g Fﬂﬂ.(ﬂ) from which

The second term shows the violation of the manipulations of the integration by
Parts in the case of torsion

L 7 . 1/
Ixu,u. — _Tu,{e



Second structure equation

e Curvature tensor
spin connection w,q, transiorms as a YM gauge potential for the
Group O(D-1,1)

— +_. ¢ L] +_. A | ' L] P | {-: Y L] ' L] "'1
R,u-wab = (-),u-wua.b — (-)UW pab T Wiacy b T Wyacu b

YM field strength. We define the curvature two form
ab 1 ab (L v
P’ = §R;w (x)dz" AN dzx” .

Second structure equation

{_1wa.b 4 w{'t. A wr:b L ﬂ('a-f}
- f:-: - i -



Bianchi identities

pﬂ'b Aep =dT + w““b ATy .
S R
"Ef.-S"z".-'?I,if} R,{w ;_}ﬂ' — R;aubﬂ E;'f; we have

a a a | a | a | a
R,u-up T Rup,u. T Rp,u-u — _D,u-:z_‘up — Du P DpT,u-u

First Bianchi identity, it has no analogue in YM

1h 1h 1l
D;L.Rup“ T DUR;J;L.“ T D;JR;W(” = ()
usual Bianchi identity for YM

useful relation 0 R,{L-U('Lf} — D,u-owvﬂ.b - Duawgu‘t.b



Riccl identities and curvature tensor

Commutator of covariant derivatives

(D,.D,]®
[Dlu : Du] L,r{'t.
[D‘{L-*. DL’] ‘11

V.. V,JV? =R

Curvature tensor
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Second Bianchi identity
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Riccl tensor

o
R,u-u — R,u- e}

Ricci tensor

Scalar curvature R= " R,

R,u.u — Rwe R,u-upr_f — Rpc‘r,u-u

If there is no torsion

Useful relation N ; . ey T
ORu" s = V610, — V, 000,

Ly o

Hilbert action

. C: & ab D
(D B 2)1 'E{'t.br:-lmf:(D_Q}f_?_fl A Ne(D=2) A P = d™r —[]R




Dimensional analysis and Planck units

Gmy, h
=

c My, C

ff & 0
?np — ~ 10 > grams =~ 10 GeV
(} | K
p — S ~ 10~ 33 CI1l

~ 10~ * seconds




The first and second order
formulations of general relativity

e Second order formalism

Field content, E};.;.u(:l?) f;r‘)(:r) A,u.(il?)

Action
_ 1
S = /{jl‘D:I:-\/— det g (Mg’“”ﬂw(g) + L)
1 [ VR R 1 pp Vo
L = _Eg (-),u-@()u@ _ 1[} g F:{.;.MF;‘_}G .

k? = 8TGy is the gravitational coupling constant
Jer = ﬂfplanckffv 8T~ 2 % 1“18 GeV

ﬁ9ﬁ£_§5 = Tﬂr‘) Fgw — v,u-flu _ vufl,u. — (i")ﬂ_fly(:li) — f_"),jflﬂ_(:it?)



The first and second order
formulations of general relativity

e Variation of the action

- 1 . L
0S = 5.2 /{'lD:r.[r‘)( —det gg"" )R, + \/—det gg""oR,,, + .. ]

Last term total derivative due {SRW — Vp(_‘irﬂu — Fﬂ_ﬁif{jp plus no torsion

Einstein equations

1 :
C“;ﬁ.;.u — RJ{H«" o §gﬁ£pR — H-zj_:u.u )
1 Y/ —detg L N |
.TH-L»“ = _2 \/ 1 1_ : (\/ \j{,{if g ) — (),t-t‘j()uo _|_ F,H-‘U vV _|_ gﬁ&-ulf
Vv — det g ogH

The Einstein equations are consistent only if the matter tensor V“Tﬂ_,, = 0




The first and second order
formulations of general relativity

« Conservation energy-momentum tensor

The invariance under diff of the matter action

%) / d> :1:-\/Tetg I =

— | 1 YL YL
/{1‘{).41? ’ - {1Pt f lzTﬂU(v“L‘U —i_ TL"‘»,{E) —l_ (—[:é'r) —|_ ({4 Lé’.ﬁil“ - O
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if » and A, do satisfy the equations of motion
[ d? x\/—det gT*V , & = 0
which implies Gﬁﬂ-TﬁW — ()




The first and second order
formulations of general relativity

e Scalar and gauge field equations

ﬁ9;¢.('\/ —detg g 0,0) = \/ —detgg" V,,0,0 =0
0,(\/—det g F") = /—detqV,F" =0.

Ricci form of Einstein field equation

. 1 .
Rﬁw — H'z T:H-V - mgﬁw.Tfﬁ



The first and second order
formulations of general relativity

Useful relations

{gg;w _ _g,{.;.pégﬁggm; ‘.
. 1 . 1 .
o/ —detg = 5V detg ¢ 09, = — 5 \/ —det g, 09"

Particular case of 0 det M = (det M) Tr(M~'0M)



The first and second order
formulations of general relativity

e Matter scalars
= —30,00"0 — V(0)

2 ,
R, = K2 0, r‘)(),r‘)—kjﬁ,,D — 21



The first and second order
formulations of general relativity

Gravitational fluctuations of flat spacetime

In absence of matter Rﬂ_v — () Solution  Gur = Nuw

fluctuations gﬁ_,,(:lr) = Nypv T H-h.ﬁ_p(ilf)

p Li 1, po(s ’ ’
I‘ﬁ' n jh ?)‘ﬂﬂ((_)ﬂ_hm} + (.)uh.-ﬁ.;.rj' T (-)(Th’ﬁ&v)

LV

RLill = —éh [I:Ih-ﬁ“; — l;__)p(l;_;)ﬁ,;_h-;_}u + au h",{l-f‘-}) + (),U a;; hi;]

(0%

The gauge transformations are obtained linearizing the diff transformations

{s)gﬂ_u — IaY (Tﬁ&p —|_ TU‘E,{E) b
c P 7 P 7P
(jRﬁw — K (‘EI vf-’*RﬁW T vﬁﬂ-éf Rﬁ'” T V”“(j Rﬁﬂ-ﬁ')



The first and second order
formulations of general relativity

fwz,uu — 0,{&-51} + 0,&
Lin
oRr,, = 0.
Degrees of freedom. Choose the gauge ok h“iﬂ- — 0

Fixes completely the gauge from
6(0'hiy) = V2E, +0'0,& = 0
Let ;1 — j and contract with 07 to learn that V20'¢ = 0

We have &, (x )_ 0

The equations of motion become

Thy — 0°(0uhow + Ouhuo) + 0,0, (hii — hoo) = 0



The first and second order
formulations of general relativity

 Degree of freedom

nw=v=>0 . V2hoo + i‘)ﬁ' hii =0,
L=v=7i : 2V2hi — O3hii — VZhoo = 0
V2h;; = 0, so that h;; =0 hoo = 0 hg; =0  oiterrm
The non-trivial equations are L1h;; =0
Constraints ﬁ")'ih__ij = h;; = 0.

Since (D —1)/2—(D—1)— 1= D(D—3)/2

The number of on-shell degrees of freedom, helicities is D(D — 3);*’2
[T] Symmetric traceless representation



The first and second order
formulations of general relativity

Second order formalism for gravity and fermions

i came Geld o2 () massless Dirac field W(x
Field content, frame field € (x) ¢ ()

Spin connection dependent quantity Lb’ﬁ_ﬂb(f':)
¢_— g Q. . — _1D” . 1 MoV R aby 1@’“"“? \/; lli!% NG,
= I —|_ b 1f2 — C €I € ﬁtﬂ' f‘,b LV (f) _ E f [ —|_ 5 !
‘ ‘ . - L,
R,{L-U('Lf} — (),u-‘;'dmtb — (-)uw,uﬂb T w,u-a.f:wu( b — WracWyu b
. 059
S (e, w) - = 0
awﬁﬂ-“-b w=w(e)




The first and second order
formulations of general relativity

Tﬁa o= D I W= (Qu T ;U"’?:ibﬁ"}:.b)‘l"
v =1 T 1 ab.

The total covariant derivative and the Lorentz covariant derivative
coincide for spinor field but not for the gravitino



The first and second order
formulations of general relativity

Curved space gamma matrices

Constant gamma matrices verify {,-}__.('a-ﬁ ,.}___b } _ 2_?](1.5

Frame fields are used to transform frame vector indices to a coordinate basis.
g ﬁ ~ Y
Jr'ﬁl!. o ( |lf — I}I{L ||’. L/ {-'\r Ju . .-'xr.. [ } o {}f’u LV

The curved gamma matrices transforms a vector under coordinate transformations
But they have also spinor indexes

_ N 1_, .ab P A,
,u Tv — (),u [V T P ad L [,ub ] r,uu P

0 .
— ) ((),ufuu _‘_W,uuf}fu riw u;;)

T’Iu ﬁ;r':y —_— D

holds for any affine connection with or without torsion



The first and second order
formulations of general relativity

 Fermion equation of motion
"‘}-'“'V;.;.‘lf — 0

ﬁr"'ﬁ&vﬁ_ﬁr"uvu‘lj — (g’uuvﬂvu — ER) \;[)'

!

Steps in the derivation of Einstein equation

- 1 1 o
0S5 = / dPx e [hz eV Ran — 56'{1.,{.;]? deH

l- = | 1 - -

-~ N \ SO Y ey 'b YR
_511; Jr_.u v,u- UhelH — g\]}f{ ;_ﬁa‘. ;_u }.ljowﬁ_(w
We drop a term proportional to the fermion lagrangian because we use the
equations of motion for the fermion



The first and second order
formulations of general relativity

L 1 1 o 1 - o = o
S = / dPz [— (tb”ﬂwub — 561,}@9) dett — 1‘1’ ["}“Tﬂ + "}ﬁf;fjvf,] ‘i[f(‘Jf,““]

K2

From which we deduce the Einstein equation

The stress tensor is the covariant version of flat Dirac symmetric stress tensor
VH TI{ v = 0, and symmetry, ﬂ,LU =1, 1

Follows from the matter being invariant coordinate
and local Lorentz transformations



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

Field content frame field f, and spin connec tion wwg}

Same form of the action asin the second order

Fermion field ‘1’('21?) formalism but now vielbein and spin conn independent

Variation of the gravitational action

1 ~ . - i
%) Sy = 2_ 1D Te f’uf Y (DH{\’)L@’UH'E) . DU{\’)L@’I{LU'E})
Y

We have used (SR,{W@E} — Dﬁ;ﬁiwua.b — Du*ﬁw,uﬂ.b

O’SQ — _:/ 115'1 e f“ff} (2?1{&_0@’”“& + .:Z_:u.upb@?p“b)

2k



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

Integration by parts

/\dDiIT- —( vﬁ&‘fﬂ' — /{ii‘D:I? (),{L ( f_g L,?ﬁ.t.) o /{il‘D;’I? \/jg I{U“UL;I{,;

L 1 _ -
052 = 5,3 dPzx e ( 2K, el epdw, I 'ﬂbbﬂbwpﬂ-b)
1 1D . P T PV 7 ab
= 53 d“ze (Tpaey — ToPe, + Tap”) dw, ™,
| S _ 1 D ~V ab
Form the fermion action 051;’2 — 78 /{1 L€ ';["{ ; uf}}‘;[ 0w,

= —é/{lﬂl e UAY ., U {thﬂ'b.



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

The equations of motion of the spin connection gives

T:‘a.bu B I‘:m P oV v 4+ T}ﬂp v %h2 0, A;"u.bv 7,

f_t
the right hand side is traceless therefore also the torsion is traceless

; 1 1 1 Ay T
T:ft.b — E ‘;[ “Vab U = -2k ab

If we substitute  w = w(e)+ K

_ 1 e 2
S =— [dPze [R(g) — KUYV, T ("
212

i - L ke T LD s 0 s (Tl L0
_2T’HIXU ﬁ + IX“_L;{_}IX ﬁ! - I\ﬂf HIX(T ﬁ ‘1 “jp‘lj IX'{ !:|



The first and second order
formulations of general relativity

* The first order formalism for gravity and fermions

The physical equivalent second order action is
X 1D . 1 T ,{LH 1 203 Ti VP
S = — d”re —2R([}) — '1"’}" v,u. W+ Eh (‘I’fﬁ"",u-rfﬂ‘lj)(‘lﬁ“ ‘11)

Physical effects in the fermion theories with torsion and without torsion
Differ only in the presence of quartic fermion term.
This term generates 4-point contact diagrams .



