N=1 Global Supersymmetry in D=4

e Susy algebra
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N=1 Global Supersymmetry in D=4

e Susy algebra

In Weyl basis
_ _ 1 . 1
{(w)- +oes (n,)- —_.:'3} — —5 (P L C l) af3 I
{(%_?Jrar (L:J+_.-'ﬂ} = 0 Qi =0QL, Q- =R
{Q-a.Q-p5} = 0 P, =P, P, = Pg

In this form it is obvious the U(1) R symmetry
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N=1 Global Supersymmetry in D=4

e Susy algebra

We choose a Majorana representation for which all spinors are real.
In a quantum theory the real spinor charge Q becomes a hermitean operator.
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If we take the trace H = Z Qi? E >0
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N=1 Global Supersymmetry in D=4

BPS states

Apart from the vacuum states, which preserve all supersymmetries, the
Only states preserving some supersymmetry are states with null momentum

n = dim ker {Q, Q}
If n £ 0 then dim ker {Q,Q} # 0, so det{Q,Q} =0

0 =det~ - P = \/det(y - P)? = (P?)?
This shows that n # 0 implies P? = 0. P =(1,0,0,1)

o 1
1@ @} =5 (1= 03)

Since 2 —1
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We have a BPS state with n=2

and tr o3 = 0



N=1 Global Supersymmetry in D=4

General properties about representations

Given a one-particle state |p) for a particle of 4-momentum p, the state

Q|p) is either zero or another one-particle state with the same
4- momentum

One particle states preserving n-supersymmetries are in some representation of the
Clifford algebra generated by (4-n) Qs

Massive particles. In the rest frame [Qa.Qs} = Ona (0. 3=1.2.3.4)

Thre is a unique 4 d irreducible representation. Therefore supermultiplets will be
multiple of 4 states, In massless case n=2, supermultiplets multiple of two states



N=1 Global Supersymmetry in D=4

* In any supermultiplet of one-particle states, the number
of bosons equal to number of fermions
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Creation and annihilation fermionic opearors
_ ety
{gf-r‘-fj}_of {53‘-{;}_ 1
Let |) be a Clifford vacuum bose state annihilated by the ¢&;
two bose states (|),£]£)])) and two fermi states (£]))

In the massless case we have only one set of fermion creation and annihilation
Operator, so we have one boson and one fermion.



N=1 Global Supersymmetry in D=4

e Basic multiplets

The states of particles with momentum p and energy E(p) = \/ p*+ ?'r%‘ F
1, B) and |p, F)
Qu.|p.B) = |p. F) and Q,|p. F) « |p, B).
Since [P*, Q.] = 0. -m.:zB — -m.%;

chiral multiplet

complex spin 0 boson Z(x) = (A(x) + 1B(x)) /V2

spin 1/2 fermion Majorana field y(z) or Weylspinor P x



N=1 Global Supersymmetry in D=4

e Basic multiplets

gauge multiplet
gauge hF"l{]_ 4:“( )

spin l ’2 fermionic partner, the gaugino

Majorana 5])111{?}1‘ A(x) Weyl field Pr A

Gauge gravity multiplet

{t

,u( ) {1{3%{ 111)111“ ‘[11{3 grav 1‘[{}11

U’ (x), i =1,....N, whose quanta are the gravitinos.



N=1 Global Supersymmetry in D=4

« Conserved super-currents

free gauge multiplet

) =0

Equations of motion f-')’“'F;.;.u = ()

current J# = ~"PF, ,v*X is conserved

!
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vanishes due to Maxwell equation and Bianchi identity



N=1 Global Supersymmetry in D=4

e Susy Yang-Mills Theory

Basic fields: gauge bosonAﬁ(:z:)the Majorana spinor gaugino A\ (x)

T 14 .. 1 purvA pA I1NA_p A
.L‘_j e /{1 -tI; [_IF 'F;{E-U - 5)\ .." Dlu)\ :|

Equations of motion D" F;{i, — _%QfBC’A S‘Bﬁ""v)‘c ’
plus Bianchi identity Dﬁﬂ'F‘Iﬁ} 4 DUF;:}L 4 Dpﬂi, —0.
VDA =0
The current 71 — ~VP FA A is conserved

Vp /



N=1 Global Supersymmetry in D=4

: o £ A vp A ~Vp FA ~ A
Opd " = Opby v Py AT+ T Dy A
. . 1 A~ >
_ o D,u- F:—l ~ )\A — f ABCY 1 /\-“1 AB ﬁ."’:.f/\ﬂ'.
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Now we need a Fierz rearragement

1 VAT . I ape A~ -,
5fapcy’ AT, N = o FAve Z vplP A NPT pA©
2 . -
vg = (—)"4(D — 2r4)
T A Is the tensor rank of the Clifford basis element 1' 4 — Tvivg.. vy,

For anticommuting Majorana spinors , each bilinear ‘i»'lf‘A W9 has a definite

Symmetry under the interchange of U «— Wy



Super Yang Mills

Since the Lie algebra indices of APT 4\ are anti-symmetrized

the choices are 74 = 1.2 bilinears wva = —2,0forry=1,2

VNANB . (C 1 VAN B_ \C
fABC’ﬁ}’ ATA ,f"u)\ —_§fABC’ / ATA ,f'u)\

Therefore the supercurrent is conserved. It also conserved in other situations

1) Majorana qpmorq in D =
ii)Majorana (or Weyl) spmors in D =4,
wi) Weyl spinors in D = 6, and

w) Majorana-Weyl spinors in D = 10.



N=1 Global Supersymmetry in D=4

e Susy field theories of the chiral multiplet

transformation rules

i 1
0/ = —€ePrx
2
. 1 |
oPry = ﬁPL(f)Z + F)e
. 1 .
0F = —e(dPrx.



N=1 Global Supersymmetry in D=4

 Transformations rules of the antichiral multiplet

41

07 = ePn .
/2 RX
- 1 D
OPRX = EPR(&Z + F)e
= 1

the variations 87, SPrx. 0F are precisely the adjoints of
807, oPrx. oF



N=1 Global Supersymmetry in D=4

» Action
Skin = / d*z [—(‘_")’“'Z OuZ — XO@Prx + FF }

&pi/&mww%m—$U%WW@ﬂ

W(Z) superpotential, arbitrary holomorphic function of Z
the action Sg is not Hermitian S = (Sp)’

Complete action S = Siin + S+ Sz

F F Are not a dynamical field, their equations of motion are algebraic

F=-W(Z)

F — _1___{_,.--7(2) we can eliminate them



N=1 Global Supersymmetry in D=4

e WWess-Zumino model

W —'Hrsz2 ng

Eliminating the auxiliary fleld F

Swz = / dz [2((0‘4)2 —m?A? — (0B)* —=m*B? — {(J — m)x)

2
g V(A + iy, B)X+E(4 + AB?) +

I A2 4+ B2)?
3 ¥ PR

kp_':.q



N=1 Global Supersymmetry in D=4

e The action is invariant under susy transformations

The conserved supercurrent is given by

TH = T[PL (@Z — F) + Pr(dZ — F]



N=1 Global Supersymmetry in D=4

e Susy algebra

Note that the anticommutator { (). (:)} is realized as the commutator of two

variations with parameters €1, €9
01,09]D () = [G_lQ, [Qﬁzﬁ (I)(:I?)H — (€1 < €9)
= &{Qn.Q"}, 0(2)]eas

— _%gl Yeo 0, P(x).

€() = (Qe for Majorana spinors
If we compute the left hand side, this dones not the anticommutator of the

fermionic charges because any bosonic charge that commutes with field
will not contribute



N=1 Global Supersymmetry in D=4

» Susy algebra

L | | ,
61,002 = _—\/ﬁﬁll(szLx)—[lHQJ
1 |
— 5?2}7‘5(@92 + Fep — [1 < 2]
I
= —g5f17 €20, 2 .

The symmetry properties of Majorana spinor bilinears has been
used



N=1 Global Supersymmetry in D=4

e Susy algebra
61, 02) Prx = — 517" €2 PLOux

Fierz rearrangement is required

01, 00)F = —1&17" €20, F

We have recovered the susy algebra via the transformations of fields



N=1 Global Supersymmetry in D=4

Consider the theory after elimination of F and F

F=-W\(2)
S = / d’ -.[—()ﬂz()ﬂZ— PPy — W W (P + PRW) }
Now the symmetry algebra only closes on-shell

[(31 (h]PLX — —l l"‘“‘qupL [() X — (9 HT”) ]

the extra factor apart from translation is a symmetric combination of the equation
of the fermion field



N=1 Global Supersymmetry in D=4

The U(1)r symmetry is a phase transformation
Rz = 1iprZz,
orPrxy = 1ip(r—1)Prx,
oRE = 1ip(r —2)F.

the different weights are implied by the relation

0r(p).0(€)] = pe® [Tr. Qu] = —ipe®(7:)a" Qs



N=1 Global Supersymmetry in D=4

One can show that rw o= 2
U(1)g invariant provided we assign » = 2/k as the R-charge

to theelemntary field with a superpotential W(Z)=2 k

Inthe WZ model W (Z) = mZ?/2 4+ ¢Z3/3

Ifg=0 1r=1 [fm=0 r=2/3



Super Yang Mills

e Susy transformations
The variation of

S — / 1—1 , [ F,{H! »—1F»—1 o %5\ AI{.:.DI{L)\A}

LV

137

55 = [t [JAL D E, — XD+ L fapea 4130

Consider the transformations

cA4A 1-. A A _ 1 _po 4
{5)"‘4;{& — _j(__ "r.I{'L)\ . {,"))\ 1 F

ﬂﬁ'

€] = —-1/2, [A)] =1, [A] = 3/2 in units of mass



Super Yang Mills

The last term of the variation vanishes by the Fierz rearrangement

— —5/{:14;: N D’HF,:L‘F 567777 FNAD,Foy + 30,6777 1 )\4

;m‘ 2 po

,u y T ;m‘

The supercurrent coincides with the one obtained before

TH = AP FA AN A identify ij " as the Noether current

P |



Super Yang Mills
SUSY transformation rules
00(z) = {7 Q. () }pr = —i[€"Qu, P(7)]qu
Q= [ d*cy"P"NFL Q= / e NP Fy,

("‘,-ﬁ C-‘_l) _PH

X .:'j

{(-p) s (-;,) 3 } -

b | —

In 10d there is a topological term in the right hand side. Tensor cahrges not
Carried by any particle could, there is no direct contradiction with the
Coleman-Mandula theorem



N=1 Global Supersymmetry in D=4

e More SYM action
S j— /dél,, [ lF,uu 4F4 o %E\A’}”HD;L)\A . %D,JLDJL}

LV

real pseudoscalar field in the adjoint representation DA

Susy transformations

y 4’4. - - 4‘
{51_141{& - __F ;I{E)\
A A~V A 1:. NA
{\))\ p— |: -F:i,”j —|_ zl \ .,D :| F "

5S = 0. Only terms involving D? need to be examined



N=1 Global Supersymmetry in D=4

e Internal symmetries

Sin) AA a nA O 4 B A
{5((9)44& = ouf" +0 Aﬂ_ fBc™,
SO = 0“A"fpc”,
5(0)DY = 6“DPfpct.
Commutator of susy transformations
- o1 4A - . A
[{51?{52];‘_1“ — _EFJ_ ,UGQF‘UH_ﬁ
N, A A 1= v A [(‘5 (5‘]:{‘5 40
[f_‘)l‘_ {‘Jg] A = —5€17 oD, N7, 1,02 Susy gauge
[51‘_{52] D‘)Jl = —%Fl"j”t?gDpDﬂ :

the gauge field dependent transformation is e — %5_1 f-:,.-”,_:QAA



N=1 Global Supersymmetry in

* Representations

L 1
{(_J v (_J g } qu = 3 (’T*",u ﬁ."'”) oA P,u

. - . . = . _r':) .
P~ is a Casimir of Super poincare but W= is not

1 -
gm _ jym _ —(L__"‘r-"m"‘r-'gf__
32 27 a0
New Casimir C=(Z Py —Z?P?

[Z,u , Z:.x] — cHVPO prg

2 2 2 2 211712
Inthe restframe C =m"Z5 +m~Z~ = m”|Z|
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N=1 Global Supersymmetry in D=4

 Representations

[Ziﬁ Zj} — metk zk

Values of the Casimir C=mY(Y +1), (Y =0, % 1,...)
(Qu.Qslgu = mo™ ¥ superspin
Q_.Y)=0 (for all o) Clifford vacuum
supermultiplet Y), Q+.1Y), (Q+Q4)|Y)

Number of staes is a mutiple of four



