N =1 pure supergravity in 4 dimensions

e Basics

supersymmetry holds locally 1n a supergravity theory.

the spinor parameters

€(xr) are arbitrary functions of the spacetime coordinates.
he SUSSY aloehr: T Y — Lo Mo F

The SUSY algebra  [01,09]®(x) = —5€17"€20,P(x)

will then mmvolve local translation parameters ey es

Therefore we have diffeomorphism. Thus local susy requires gravity

fields e, (1) 1I,|fit_(;13)T i=1,....N



N =1 pure supergravity in 4 dimensions

There are four major applications of supergravity

1) If there is some sort of broken global symmetry. N=1 D=4 supergravity coupled
to chiral and gauge multiplets of global Susy could describe the physics of
elementary particles

2) D=10 supergravity is the low energy limit of superstring theory. Solutions of
SUGRA exhibit spacetime compactification

3) Role of D=11 supergravity for M-theory

4) AAS/CFT in the limit in which string theory is approximated by supergravity.
correlations of the boundary gauge theory at strong coupling are available from
weak coupling classical calculations in five and ten dimensional supergravity
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Toroidal reduction of D=11 Supergravity

dsf; = e°*?dsiy +e*7?(dy + A.dx")
11 10 10 .
C{p} — C{p} + C{p—ﬂ A dy
1A SUGRA bosonic fields

1.2.3.7.8.9. 2.6

Fermionic fields, non-chiral gravitino, non-chiral dilatino
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 The universal part of supergravity. Second order
formalism

S = Sy+ 53/,
1
N 1D .. . ap bv .
Sy = 5,2 dZzee™e™ R ap(w) .
S_T J— 1 '1‘{).- » -y -'_1 Hﬁ&‘!‘.—“jf‘_}D . I.'1

2K

I — A o L,, .ab, ' '
Dui—-’-’p — ¢ )u'?..-’-*,a 4 T We not need to include the connection

I p( )Y,  due to symmetry properties

Wyap(€). s the torsion-free spin connection

k? = 8mGy is the gravitational coupling constant
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From Supersymmetry to SUGRA

GR can be viewed as a “gauge” theory of the Poincare group

{ﬂ'{a.b ; Re} - A,u- = %wﬂa‘bﬂ’[a.b + e,u-a.Re

gauging

R,u-u = 2 O[g«/ﬁlu] —+ {A,u.a Au] — %Rguabﬂfa.b + RM.UHIRL

ab are the Lorentz curvature and R..% to the torsion

The components R v

Y

S ~ /([41, % R(&w) Not invariant under local

Poncaire. Torsion =0 by hand

The action

Einstein ‘s vacuum equation R,u-rf& = 0. G"Iu_b, — ()
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{Ma, Po, Q% — A, = %“”ﬂ-ﬂbﬂ’[ab +e, B+ ?_,an&

gauging

R,u-u 2 O[y«/ﬁlu] - [A,u.v Au] — %Rmzabﬂ"[a.b T R,u-uﬂlﬂe T Ppur:u; (r,)&

o / d're {B (E, w) + € ?_,u RN IDJJ (w ) Vg }

v p Spvpo”) TV
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e Transformation rules

s l— a

e, = 7 Uy,
S/ — D ( ) = 0 €+ 1., .ab
(¢ I_Iu — IHF £ _ (_IHF 4&-&;:{&_('&_{} / €
\ '.-Iu' e — J— ~f Iu 1 \ D = L . _"“--"ﬂ-' y
oe, = —5ev" 1, , oe = e (e 1,).

The variation of the action consists of terms linear in '?..-'"f",u.From the frame field
variation and the gravitino variation and cubic terms from the fiedd variation

of the gravitino action

Variation of the gravitational action

1 1 — LV
{s) ‘72 — I \dDiI? € (R,{LU - ig’uu R) (_‘?ﬁ"}.?;-’:'}r )
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« Transformation rules for gauge theory point of view
Gauge prameters
e =€"Py+ €My + Qo = €* Py + €*®Myp + Q%
gauge transformations

(Sh © a — % f?ﬁ;r a I_‘ [

p
OV = pEL) = Upt A% pab | ¢
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oravitino variation  Inthe second order formalism, partial integration
Is valid, so we compute {5‘-;%.-{':#_ by two

. 1
{SJA‘_’YB/Q — - h—? 1 €I € FD Y et )DU + ﬂ
1 1 |
- D e 1D .. =~ 1 p ~ab,
— h'g ‘ 1 LI E F D DU .(. ;} —_— @ | 'Li J Ez f:: |Ir' R#Uub |Ir' L_’!)

We now need some Dirac algebra to evaluate the product ~#"7 f';.—-“b

NP AP Gyl [T{s;ﬁ?]_] + 6y He” 0 }_]
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vp . ab v pab o b I 7

"}-"‘u ;,}___u R#uub — ,_:,u pa Rlu.ua.b + ()R,u.u L bﬁ}”u ] + 6 / [‘uRIu.u’O ]

vpab ¢ b ) . vpb

— ﬁ}’# - R,u-uu.b + ZR,u-upbﬁ"'Iu + "LR;w#bﬁ” g

‘|‘*L’]'u Rﬂ.u Mt Qﬁr"pRI@u K ;
First Bianchi identity without torsin

a a a __ _ _ |
RP“’”:O + Rup,u. + Rp,u.u — 0 ’R,u.u,ou — R#_,,buf:g Rub — R,u.u’ub

Finaly we have

. 1 1 _ i
0;‘)3/2 = ﬁ /dDiIT € (Rlu_p — igﬂ_yR)(f?”}-’M’Iﬁr )

Therefore the linear terms cancel
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e Supersymmetry symmetry properties at the level of the
equations of motion

Free super Maxwell eq of motion E‘)“‘ﬂw — 0 ﬁ--“f")ﬁ)\ — 0

Susy transformations  § A4, = %Eﬁ,ﬁ_)\ O\ = = ’”F,,},,F

The SUSY transform of the Dirac equation is
0 =~"0,0\ = *"”“ PO, F, €

For local SUSY transformationsin in the Ilnear approximation

0 — "'“r-"‘u'y‘ﬂD,,{ii"?l__.-"f’p _ _%(R;w j,uuR) €

!

the right side vanishes if the Einstein equation is satisfied

Buchdal problem
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The supersymmetry transform of the Einstein equation vanishes if the
gravitino satisfies its equation of motion. For linear fluctuations about
Minkowski this is true if the SUSY transformation of the metric

\ J-_ ~r aly ~ al
OGuy = E‘-C( v T Yo I.-*"-’,u-)

the global limit in which € and -, are constant
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 First order formalism

We regard the spin connection as an independent variable. We want to get the
Equations of motion for the spin connection

82
valid for D=2,3,4,10, 11 where Majorana spinors exist

1 _
~ o~ 1D (T VP il ab
{(j .L_S 3}1}!{2 — {1 £ e (I_’Iu ;_.I{ f ,".('L-b.ry’l-’f‘_')){h)w'lﬁ

spinor bilinears of rank 3 are symimetric ,therefore we have

1 !

; _1 n.-lu'ulﬂn: ay — _1 n.-lu'vf"} (3 Ju' '.-U ‘.-JO al
I-—-'-’,u- / ;’{'t.bf.-—‘-’p — E.-—’-’,u- ( / ab I (’ ,"[ € [bff ]a.]) I.-—-'-’;_}

The spin connection equation of

motion is . .
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0Sy = 53 dPze (—QK i E;’g'{‘)wp“b + Tap' }t‘)wp“b)
1

1D | | ) | i 1h
— ﬁ /\{_1 €I e (]_;‘)Llpff:; - ]})b!‘}f,ij —|_ Ta_by) f(_s)wyu .
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 First order formalism

' ot J‘ _1 -~ J- 1 ) LV a/
Loy = 3 Wa ; I b T 1% ,ﬁ {c'abf,.-"-’;_}

The fifth rank tensor vanishes for D=4. For dimensions D>4 this term is not
Vanishing and is one the complications of supergravity

The equivalent second order action of gravity is

S = ﬁ {fl_lil.‘- € [R(f) — U 1,uﬁ; I{WﬂDrﬂ;—’:—}p + ESG,torSicm}
1 o
LS(},tDl‘Si(:lll — E |:( I J) H I 1 )( I 1}()A et I a7 —|_ 23 1!() U ) — “J:( I ‘“ﬁ; : E'_?)(I_J"u”} : I_})}

With .
DL;I p — () 31‘” —|_ __I:WUUE)([_)#}; I I_}p
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e Local supersymmetry transformations

The second order action for N=1 D=4 is supergravity is complete and it is
local supersymmetry

r_‘if:i_ %E_’j-’ﬂ? »
Yo/ — ] 1b
{jr_};u — DIHF () F —|— ___I:l,:b?luﬂbf‘};“ € \
Wopab ,{mf}( ) T Ik,uu
¢ _ 1 _1 ~ b~ 1 )

which includes the gravitino torsion

The variation of the action contains terms which are first, third and fifth order
in the gravitino field. The terms are independent and must cancel separately
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In the first order formalism the fifth variation is avoided, but we need to specify
the transformation of the spin connection. This procedure is complicated when
matter multiplets are coupled to supergravity

The 1.5 order formalism

Consider an action which is a functional of three variables S[EA_ W, "i',.--"f"]
but let us use the equation of motion for the spin connection and chain rule

oe ow oY

NS 1S
= [ dPz {, oe + {1 -0
o€ 0

. o 1S 1S i 1S
0Sle, w(e) + K, ] = / dPzx [{, -0e + {,f dwle)+ K)+ - f‘)ﬂ]
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e At the end substitute

Wypab T L‘*’?,u-('e.f}(f_:) T R,uﬂ.b



Local supersymmetry of N =1, D = 4 supergravity

e Letus work in the 1.5 formalism and rewrite the action of the Rarita
Schwinger part

S = S+ 53,
1 |
N 1D . ap b .
*‘—7‘2 — 2;{2 d“xre E;u’uf; R;J-Ua-b(w) .
~ l _D" _1 ~ P ol
LSB/Q — T 2;{2 {_1 €p € L_’ _ Jr" DUL‘JIO
Recall ,-}__.a.bc _ l:ubr d . YeVd | ,.}__.M.uﬁ — e —15;_,:.upr:r',}___$,}_,g 50123 __

valid only in 4 dimensions

QK2

1
4.~
‘73/2 o ) /d ; MHP‘TM#A* rTDUI“ P



Local supersymmetry of N =1, D = 4 supergravity

05 = 052 + 05373 0 + 05372, + 0539
We must obtain the v and @ variations separately because

the presence of torsion. Also the Ricci tensor is not symmetric R,u-b’ (w)

L 1 1 |
059 = 552 /{14;1? € (R#_,,(w) — 51{)#_1![—1’_(&;))(_gﬁ}_..,u._.uj,u)
(5"3/‘25 — —/d—l ,,,uupn'(— i )(I ‘,uA* ,uDuI p)

only due to the variation of v,



Local supersymmetry of N =1, D = 4 supergravity

e l 14 ~JVpo
{3 .\-S:}KQ?.JI:) — QH_Q {_1 iI- !HL p L_ 1;4!//\[* T(TDLJ D;}F
1 4 7 vpo ub
1642 / i vpa

we write the ¢, variation and exchange the spinors D, e and v,

t3 =1

. i , <
1 o 14 ..-.P:Vpﬁ ~ ~
{s)h‘_j:_}}XQ*qfl; e 2!‘{2 {_1 I}DL; |lr;{,ﬁ Jr[TDfJf::
. o TN —a. 17 . _ab
The left acting derivative ﬁ-’,oD v = Oy Wp— 31 VpWrab™

can be partially integrated and acts distributively
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e 14 -
(‘)A_‘JSXQ‘,L:. — P /‘Ll l -,_,ru’upﬂ L !)A* [(DUA,HT)D‘LLE + AJrgDuDﬂE}

—1 4 . uvpo l a
— /d x st L'pﬁ* ~Tyo A,f"a.D,uf —

C‘C'|I—'~

9 Yo UbR,uUub( ) ]

e G -1 [ 4 | 1
OILSBXQEEI" —|_ OLSS/Q,'L;‘ p— 2 ' /(1 l :ﬁ-ﬂtuﬁﬂ' Lqp,ﬁr* [2];}5({,.}qu‘: . l

Yo Vab R,u.u ab (Lu' ) F]

Last term using

~0 e — = ~ — .-Cg.:' A~ ~C e ~
/o Yab = Yoab T+ 260[(1. b] = 1€5=abed V") + 260’[&. /D]
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first term
L po d aby | o O ) ) v ,O ab .
P el Ryp™ (w) = —2e [ellefel + eflelel + elelel| R, )" (w)
— Je [R{_?“'(w) — jf‘f‘!R(w)} :
plus L‘M Ce = —evYy, the result cancels the 5 g,

The last term with the first Bianchi identity

Rju.y p(l- + RUI—}P:. L + RPP: y L — Dju .j‘;jp L L DU Z‘;‘}P: L o Dﬂ TP: y L
~ LT Py ryilel |
ghvp Rrxprrb( ) = —gh¥ Dquo‘b

W Wl W _i f 1 | 1
Obg T ab"ygsﬂf + {5*83/‘2,'1;3 ) / d—l.’ z et L‘#A'* Ya [Tpﬂ'u Duf + (DUZ}JJ“) f-:]
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~ 1 14 . uvpo = a. |
0 bg /‘2, e — p / d*x t‘u P (E Y "I;.’(;.-)(T;-’ P:ﬁ:ek /H:LLD v "I.i-’p)

Fierz rearrangement

("Eﬁ: ! (0 o ) (?:‘::I" MRRE D, '?.i{’p) - Z ( - )TA (“L — 214 )(FFA YDy '?.i{’p) (3; [ FAT#’{}J} )

A

W =

the left hand side is antisymmetric in [y o| onlytheterms 14 = 1 and 2
contribute

- % (EYa Y Dup) (VY Yo )= (Eveva Dy p) 1o ’

1 . 14 . ;:PW P a._i, ~ o~
(j 'LS 3/2 e T ,_J:h'Q / {_1 A E Tpn‘ L_"u D volx la €



Local supersymmetry of N =1, D = 4 supergravity

- —1 Vpo - -
S = / Atz sivr g, [Tpgb-'r;_f u Vs Ype] =0

4 k2

N = 1. D = 4 supergravity is locally supersymmetric



