Local supersymmetry of N =1, D = 4 supergravity

The algebra of local supersymmetry
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Local supersymmetry of N =1, D = 4 supergravity
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the dots means a symmetric combination of the equations of motion



Local supersymmetry of ' =1, D = 4 supergravity

e Generalizations

. . . T . a ./,
one can couple the gravity multiplet (fﬁ_., by,

to gauge (A2, A\') and chiral (2, Prx®) multiplets

Supergravity in dimensions different from four

D=10 supergravities Type IIA and IIB are the low energy limits of superstring
theories of the same name

Type Il A and gauged supergravities appear in ADS/CFT correspondence

D=11 low energy limit of M theory that it is not perturbative



Generalizations

The only non-vanishing part of

{ (2 s (2 3 } - % (ﬁ; ¢ ) a3 ]Dﬂ-

{(PLQ)a, (PrQ)s} = —5(PLY")apPa
Extendes superalgebras there are several supercharges i=1,....N

We introduce the notation (); = PrQ; . Q' = PrQ’
The Majorana spinors are thus Q' + Q;

(Qoi- @7} = —3(Pr")asdi P,



Generalizations

Central charges in 4 dimensions
N=2 SUSY

{(-“2&'3’: (=2;3j} = Sij Pr o:ﬁZ ’ {(:2(_11'? (‘253} = ¢ PRQ’-*"SZ

The generators Z and 1ts complex conjugate Z are central

‘Central’ charges in higher dimensions

{(520:3 Qj} _ ﬁiﬁ pﬁ_ + f-;fi’; Z,u.u M1 Z,u-l“*,u-E

fa3

The ‘central charges” Z are no longer Lorentz scalars



Generalizations

More supercharges Q;s:f; i — 1 N

Central charges

Qij — _Qj'i‘_ Pl — _ pit
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Gauged SUGRA



D = 11 supergravity

D <11 from dimensional reduction

Recall the Kaluza-Klein compactification on \[ipnkowskip x Ch

The Fourier modes of the symmetric tensor /25, gives
symmetric tensor fields h,,, k., vector fields h,py scalar fields hppy

More generally we study compactificationsofaD’ Mp = Mp x X,.

Xd A compact d-dimensional space

KK compactification keeps the massless and massive modes

Dimensional reduction keeps only the massless modes. The truncation is consistent
if the field equation of the heavy modes are not sourced by the light modes,



D = 11 supergravity
D = 11 18 the maximal dimension We consider a toroidal compactification

M, x TP

Assume D’=11, we have a 32 Majorana spinor

[H=~Fx1, nw=20,1,2.3,
[ =, x A", i =4.5,6,7.8.9,10

T is the 8 X 8 unit matrix, and v, = 1vp7v17Y27v3, while the A*

generate the Clifford algebra in 7d euclidean space. In this basis the gravitino

Uifaa o =1.2.3.4 a=1,...8



D = 11 supergravity

‘l‘f,u- aa 8 gravitinos W i a 7x8=56 spin 1/2

Note the total number of fermions 64 is the particle representation of N=8 susy
Algebra. If D’>11 we will have in 4d spins >2 for which a consistent theory is not
Know for finite number of fields. Vasiliev

Field content

128 bosons degrees of freedom

graviton g,..., 44 of SO(9): [T 3-form C,...,, C3), 84 of SO(9): E

128 fermions degrees of freedom



D =11 supergravity
metric tensor gysn. the 3-form potential Ay p
Majorana vector-spinor Wy
upon dimensional reduction on T7
Juv 4dmetric g,,; 7 spin 1 particles Jij 28 scalars
A, contain no degrees of freedom in D =4 A5 21 vectors

Ajjn 35 scalars A 7 scalars (dual)

Which is the field content of N=8 SUGRA in d=4



D =11 supergravity

Construction of the action and transformation rules

Gauge transformation of 3-form

Ay = 30,005 = Oubup + OB + Opbius
F,u-upr:r' — ‘Ld[ 4;;;}0'] =0 flupn' 8}314,00',0; + 0 JLlU,u.u — 8014,&1;9 )
e =N Bianchi dentity

Ansatz action
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Initially we use second order formalism with torsion-free spin connection wmb(ﬁ')



D =11 supergravity

e Ansatz transformations

s oa l—,\ a
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Useful relations

Xyt = Aty =ty =1, =t =1, g =t

To determine the constants we consider the free action (global susy)
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D =11 supergravity

e transformations
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D = 11 supergravity

e transformations

and Bianchi identity we get 1 = (‘:;’216, b = —8a
| C B I
c 0 o L a3vyo O 30 s
0Vy = Ou€+ 216 ( po— 87 5’;-&) Fopyse
0 ‘4#.;.1; p — —C E_ﬁ’:‘[u—u :I.-';j}.e’.}] y

To determine ¢ we compute the commutator of two susy transformations

. 49—
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| a With gauge transformation given the
parameter o _ = 0. A
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D = 11 supergravity

e transformations

the conserved Noether current is (coefficient of [ ¢
V2

% ~Byovp 1o af oo\
j B E ( / | { Fﬁ;-;'-}ﬁ-fﬁ _|_ 12 / F‘ﬁ'} / ) I,-—"I'Jf-)

Ansatz for the action and transformations in the interacting case. We introduce
the frame field ¢ () and a gauge susy parameter e(x)

H _
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D =11 supergravity

e Action
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D =11 supergravity

e Action

R : €N o' B'y'é apBvop,
16-144°

OLpr + 0Ljp, = Vp Forprysi Fapys

We need to cancel this term of rank 9. Recall
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Suggest to introduce a term in the action



D =11 supergravity
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D =11 supergravity

Wipab = wyﬂb(f) + Ix,uub

Lz",u-ab — w,uﬂb(f) (I 1 Abh‘u — Ifuﬁ:’ I b T+ I b Va +,u)

4 Loy Aol L7 ~Avp "
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This action 1s invariant under the transformation rules

ca — a
0e, = EF Y,
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D = 11 supergravity

The algebra of D = 11 supergravity

-

5o(€1), 60(€2)] = Oget(€M) + L (A™) + 0 (€3) + 4 (6,0)) .

o= genter,
}\a.b _ _Sﬂiﬁgﬂb 4+ 2£1 \/5?1 (,.}___a-bg.upcrIf-mjpg + 24,}__#}}}’3-1:15,{;1;) € .
(2
a =~
Q,u-u — gﬂflp,uu + l\/7F1 T €2 -
The spinor bilinears &, T'(2) ey and &% ¢, have a special role. They are

non-vanishing fot the classical
BPS M2 and M5 solutions .



D =11 supergravity

Lagrangian

_ 1 . .
L=+/—g{R - 5([:(4))2 + -} + Cy A dC3y A dCs) + - - - fermions

F4y = 0C3, 4-form field strength.
Equations of motion of the metric gives the Einstein’s equations.
Equation of the 3-form are
d(+F) + Cz) A dC3)) = 0
which can be written in a first order form, duality relation, if we introduce the

dual form, doubled formalism?, Cie)

#Fa) = dCe) — Cz) N dCs) = Fee)

’E. Cremmer,B. Julia, H. Lu, C. Pope hep-th/0112071



D =11 supergravity

The duality relation is invariant under gauge transformations

0Ce = dAg =A@
0Ce) = dAe) +Cay A dAg) =N + C) A A

Ay, A are closed
The gauge transformations are non-abelian

3.3] =6

Let us call the 3-form the fundamental form.

We introduce the level as the number of times it is appearing the
"fundamental” form 3 in the multiple commutators. 3 is at level 1 and 6 is at
level 2.



Superspace

S-dimensional ‘supermanifold’ Coordinates of superspace

commuting x* plus 4 anti-commuting coordinates 6,

Majorana SpiIlC;l" chiral projections Prf and Pr6

Supersymmetry transformations are ‘motions’ in the superspace
P —J_’U‘Jr—F’”U“@ 0 — 0 =60 —¢

real superfield O(x,0) = O(x,0)

O(r,0) = C+ 19’* (= —QP OH — —9P OH — —19’* OB,
—gleeeq,-# (A + 50¢) + 550PLOO PR (D + 50C)



Superspace

Supersymmetry transformations generated by the vector fields

o 1 0
Qn = — — -(V"0)og—.
do oo~ 1\ D
—a ) l _ 0
0" = Y0, = _L N
4 |
{Q..Q } = %(’}f”’)r_{j Iy Note the sign difference with respect to

SUSY algebra
The variation of a superfield 1s defined as
JP=eQd = Qed
0(€1).0(e2)] P = E2{Qq, Q }Flj b = % 97" €10, D



Superspace

« Transformation in components
0b=eQd = oC + : 1(9"“ 00+ ...

0C = %i?%( 0C = ——1*“" PCe+ .
Covariant derivative

o 1 0

— —~HE

060 4 T O

the algebra of covariant derivatives is the same that the original susy
algebra



Superspace
chiral superfield

PrD® =0 ¢ = 0 this constraint implies that the linear term

| = Pre
Consider :I?-’i =zt + éﬁ”}"*’}-’”(s’ L
) 0 1 0
P Pr— PrQ = Pr| —= — =~"0-
1Q=Fr 08’ rQ . (()9 2 ();r‘u)

0 1 9, ()

PrD =P O —— . PrD = Pr—

: : (d9+2’ ()J._,_) “ & "o

1 - 1 -
O, . 0)=Z(x —0PFP7 v(x —60Pr0F (x
(x4.,0) (r4) + NG Lk(l+)+4 LOF ()



Superspace

Superaction Integration of Grassman variables
14 . 14 - 1 14 . -
D term /d rd*0 O(x,0) = g/d x D(x)

F term [diz d?Ppo ®(x, 0)



Bogomol'ny bound

« Consider an scalar field theory in 4d flat space time

L= _5(5);: o) = V(p), V(d)=0o"(m+ go)’
1l
There are two vacua at o=0 o=—-——
g

We expect a domain wall separating the region of two vacua

We look for an static configuration connecting the two vacua
| m
(.TJ(;{') — ——, & — O
g

o) — 0, &= — —0



Bogomol'ny bound

« BPS procedure

The potential V can be wriiten in terms of superpotential W

W = ér?’ + %-gr.ff-* V=W

=

Energy density in terms energy momentum tensor

loo = ‘“‘2 +Vo-Vo+ ‘H'ﬂ‘g
= |0,0]" +|W'|*  for domain wall
Totalenergy ¢ — / e 0207 + W]

= / dr (0,00 — W2 + 2AW

]



Bogomol'ny bound

where AW = [V (¢())];=

r=—oC

We have an energy bound
E > Q\AH\
which is saturated if the first order equation, BPS equation is verified

In this case the energy is < m
- 3g27



Domain wall as a BPS solution

o) = —;—; ‘tanh (p (@ — xo) /2) + 1]

One can prove that this BPS solution is also a solution of the second order
equations of motion

Notice that the domain wall is non-perturbative solution of the equations of motion

If the theory can be embbed in a supersymmetric theory, the solutions of the
BPS equations will preserve some supersymmetry



