Effective Dynamics of the domain wall

The width of the domaninwallis 7, ~ - If we consider fluctuations of
Tre

the scalar filed with wave length >>L the dynamics of the will be
Independent of of the details of the wall.

Ot y.z) = der(x) + 00(t,x,y, 2)
The lagrangian up to quadratic fluctuations is
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Let us do the separation of variables
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Effective Dynamics of the domain wall

To study the small perturbations we we should study the eigenvalue
problem
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Exits a zero mode Zo(x) ! ()
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This zero mode corresponds to a massless excitation and it is associated
with the broken translation invariance

The action for these fluctuations given by
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It describe the accion of a membrane, 2-brane, at low energies



Effective Dynamics of the domain wall

The membrane action to all orders is given by

S=-T /f‘i:jé-:\f —det g

where Is teh determinat of the induced metric
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Supersymmetric domain wall

 WZ Action
Skin = / d*z [—(‘_")’“'Z OuZ — XO@Prx + FF }

Sp = f d*x [FW'(Z) — SxPLW"(Z)x]

W(Z) superpotential, arbitrary holomorphic function of Z SF — (SF)'

Complete action S = S, + Sp + SP

F F Are not a dynamical field, their equations of motion are algebraic

F=-W(Z)

F — _1___{_,.--7(2) we can eliminate them



Domain wall ¥2 BPS

The susy transformations for the WZ model are
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T ey OF = —edPrv.

For the domain wall ansatz the transformation of the should be
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Domain wall ¥2 BPS

This condition implies

0.7 = W'

and

(Y2 —1)er = (72 — 1)er, =0

n:} - - - = ] 1 Ll
As vz =1 and tr v, = 0 the space of solutions for € is 2-dimensional

Note that this supersymmetric calculation recovers the result of the bosonic BPS
Calculation. Therefore the domain wall is %2 BPS

This result can be deduced from the anticommutator of spinorial charges



Classical Solutions of Supergravity

« The solutions of supergravity give the metric, vector
flelds and scalar fields.

 The preserved supersymmetry means some rigid
supersymmetry

d(€) boson = € fermion . d(€) fermion = € boson



Killing Spinors and BPS Solutions

 N=1 D=4 supergravity

Flat metric with fermions equal to zero is a solution of supergravity with

_ Vacuum solution
Guv — Nuv

The residual global transformations are determined by the conditions
ca _ 1l=—.a_;, __ Noly -
{:\) E;ﬁﬂ- —_— 5(__ |Ir' I_’I{L — 0 . 'f:\) I_’I{L — DI{LF — 0

The Killing spinors of the Minkowski background are the set of 4 independent
constant Majorana spinors. We have D=4 Poincare Susy algebra



Killing vectors and Killing spinors

k A = )EI.J[,I /

A O’ *C'I;A Guv = v,u ;‘71;.4 T \71; '11-',{1.-'—1 =0

Ufﬁﬁ kB] — fABC}f-C



Killing Spinors and BPS Solutions

The integrability condition for Killing spinors
Killing spinor condition D,e = 0 Integrability condition
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[Dﬁm Du]t': — ERH-U('&-E}T“ e =0

Suppose that € and € are both Killing spinors

—/ ~P AV _ab —fﬁ p v
5 € 7 R,{Wu /) € = RI{WF e = ()
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R & {7" .7 e=2R\Ee=0
A spacetime with Killing spinors satisfies Rﬁw = () onlyif g/¢ £ ()



Killing spinors for pp-waves

Ansatz for the metric

ds®> = 2H (u, . ;_t,f){jl'u..2 + 2dudy + dz? + dyz

For H=0 reduces to Minkowski spacetime in light-cone coordinates

uw=(r—t)/vV2,v = (x+1t)/v2

Flat metric in these coordinates  7),p. Where a, b = 4, —., 1,2

Ne— = 1—y =11 = 12 = 1
Note that K = ﬁ")jfﬁ-')t; iS a covariant constant null vector
.- 9, %, N
kY karn = 0, gAY EY =0

tf);l'*” tf)'t,



Killing spinors for pp-waves

The frame 1-forms are

e = du., e =dv+ Hdu. el = dx , e’ = dy

From the first Cartan structure equation we get the torsion free spin
connection one forms

de” +w A e’ =T

wtl = H,e . wt? = Hye

and from the second one

_ _ B ‘ B N ‘ B B
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Killing spinors for pp-waves

The Killing spinor conditions are

1 _
Dyt = (O + g Yan)e = 0

explicitely

Due = (04— 3Hoy'y™ — $HA"7 )e =0,

Dye = 0,e=0, D,e =0, =0, Dye =0,e =0.

All conditions are verified if we take constant spinors with constraint

~v e =0, "'}-‘{}"“,-‘1{: =€

Since (yoy')%, tryoyt =0 there are two Killing spinors.



Killing spinors for pp-waves

Notice

2(;;" € — t:—f" ( ,.-} + ,.-} — + ,.-} — ,.-} + ) € — 0

To complete the analysis we need the Ricci tensor. The non-trvial component is

R._=R__14+R, 2= —(Huow + Hyy).

Therefore the pp-wave is Ricic flat if and only if H is harmonic in the variables x,y



pp-waves in D=11 supergravity

Eleven dimensional supergravity with bosonic fileds the metric and the
four-form field strength F4 has pp-wave solutions

ds® = 2dxtdr™ + H(z', 27 ) (dx)? + Z dx')
Fy=dxr™ Ny
1 9
where H (2", 27) obeys AH = 19 A

A is the laplacian in the transverse euclidean space E°

3-form



pp-waves in D=11 supergravity

J/0x™ is a covariantly constant null vector

If we choose
H(x' z7) = E At
where A;; = Aj; 1s a constant symmetric matrix

They have at least 16 Killing spinors. If one choose

1 92¢ c e 4
_6l[ é” Ly ] = 1?2-}3

—%;12(_‘)?;?- 1, =4,5....9
a1l 32, 13 )
o = pdr- Ndr- Ndr, -

AdS,; xST and AdS; x S*

The number of Killing spinors is 32!, like



Spheres

the unit sphere S? is the surface (z1)?>4(22)*+(2%)? = 1
embedded in flat Euclidean space R?

= sin@?sinf, 22 = sin@?coshl, P = cos6?

0 <Ol <2mr. 0<6? <

The metric of the sphere is obtained as induced metric of the flat R3

dQ3 = (dz')? + (dz?)? + (da?)?
—  (d#*)? +sin? 6% (do1)? .



Spheres

Frame one forms

e? = dg?., & = sinp*de!
Spin connection. First structure equation
o2 = cos6%dp!
Curvature. Second curvature equation
ﬁﬂ-b — E('E- /\ Eb

Constant positive curvature



Spheres

Recursive proocedure for higher dimensional sphres

n+1l _ . an a AN a |
Ty = cos ", T(n) = sin T(p—1) s a<n
Frame and connection forms are
=Tl _ 1AM —(l e T —(1 _ o
€n) = de™ . Cln) = sILGE, a<n-—1
—ab _ —ab 2 — cos @&
“(n) — Y(n—1)> “(n) — > (n—1) -
e’ = | | sin@’)da” . a<n,

j=a+1
b—1
0% = cos (:?b( H sin 67 )de . I<a<b<n
j=a+1



Spheres

e Coset structure



Anti-de Sitter space

AdSp for the D-dimensional case simple solutions of supergravity

with negative constant solution

_ 1
S = 5,3 dPx \/ —

A=—(D-1)(D-2)/L?

D—1

R;w — TE};W

AdS i1s an example of a maximally symmetric spacetime
R,u-upr_r =k (g,u-pgwf — g,u-r_:rgup)

. . . . . ( ¢ . 4 ¢
k is a constant of dimension 1/(length)? k= —1/L"



Anti-de Sitter space
Finstein metric

RHV — k(D_l)g,u.u
R = kD(D-1).

Ads as a coset space

Ry, K] = iP,

[Pl-. ]{: — ER] K = ._]01.
_ 1

Py, P = _?-'ﬁh




Anti-de Sitter space

e MC 1-form

0 . Codat Al
Q) =F dr + P, (dr cos E) — I 7 Sin E)
=F eV + P el + K WO

Ads metric

0
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R

ds®* = —e’e" 4+ ele! = —da!

Ads can be embedded in pseuo-Euclidean space

Navuu’ = —(u")? + (u')® = (u*)* = =R



metric

Anti-de Sitter space
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Anti-de Sitter space




Anti-de Sitter space

Note that 20 varies in (-R.R) Ve (0, QWR) il e (—OO, OC)

Local parametrization




Global parametrization

QO =h dr’ + I ({'{..I"U cosh !—) + K ('{ ! A )
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Anti-de Sitter space

D—1
}fx‘-l_”AB}fB _ _(}r[_])? 4+ Z(}f'i)? o (}rf))g _ —L-2
=1

the coordinates Y4 = A\ g YP provided that A g is a matrix .

SO(D — 1,2)

Different embeddings

D—1
Y! = rz with Z(f"’)z = 1.
1=1
YO = VI2+4r2sin(t/L)  YP = /L2 4 r2cos(t/L)

7' parameterizes the unit sphere S 2



Anti-de Sitter space

This coordinate system is global , covers the whole hyperbolid for

0<r<oo 0<t< 2rL thealgunlarvariablesthewhole gD—2

New radial coordinate {:f{f}sh(;_u;”L) _ ,\/1 +'r2;’L2

ds? = — {3{?}5112(1; / L){jhf2 -+ dyg + L2 5111112(1; /L) dﬁ%_g

Another possibility cosh(y/L) = 1/cosp t= LT

: L? . [ : .
2 12 1.2 | 2 102
ds® = _ —d7" 4+ (dp” +s1in” pdQH_
cos? p [ ( f PESED 2)}
It is conformalto the direct product of the real line, time coordinate, times the
Sphere in D-1 dimensions




Anti-de Sitter space

Poincaré patch

vV — L'u.:I:U‘_

Y' = Lux', r=1,....D —2
i l [ [ (
= Lo
1 6, . c
yb = — (1 +u?(L? + 11:2)) :
U

= —(:1:0)2 + X:(:;t:‘i)2 .

12 : . L
{; + u? (({1;1?”)2 + Z(d:r"’f)}

ds? = L?




Anti-de Sitter space

dqﬁ—LQ dz? — (dz" +Z{11
9

The metric is conformal to the positive region of D dimensional
Minlowski space with coordinates (-;1:”‘ Tt 2)



Killing spinors for anti-de Sitter space

The bosonic action that leads to AdS space is

_ 1
S = 5,3 APz /=

Killing spinor are solutions of

. 1
D,e=(D, — 5T Y )€ =0
Integrability condition
. A 1 | 1
1
[DH- ] DJJ]E — <4Rﬁwubﬁ:’(” + QLQ(H}P”*”> €
If we insert  Luab =—(€aplor — f'"{'t-vf'"b,u-)f L*  vanishes identically

It is a hint that AdS is a maximally supersymmetric space



Killing spinors for anti-de Sitter space
We will study Killing spinors in the Poincaré patch of AdSp

ds? = e*"/F Nudat dx” + dr?

Frame fields et — e/ Lt e’ = dr
N ,
Spin connection wh" = Ee‘“‘: W’ =0
A 1
Dr — (dr — i’j«, )F = ()
A 1
D, = (Ou+ 57w —1))e=0



Killing spinors for anti-de Sitter space

we Introduce constant spinors 7+ which satisty ~v,.nae = +n4
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The last term includes transverse indexes.



