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Summary

One of the fundamental problems of theoretical physics has become the search for a quan-
tum theory of gravitation. This is because General Relativity when quantized renders
a non-renormalizable theory. In this thesis, we offer a possible solution to this problem.
We present a model of quantum gravity, whose principal characteristic is that it is finite
in vacuum. This means that it does not even need to be renormalized since there are
no divergences. We called this model Delta Gravity, which is a model of gravity with
two symmetric tensors, based on a general procedure to modify, in this case, General
Relativity. In Cosmology, it shows accelerated expansion without a cosmological con-
stant. One of the main features of Delta Gravity is that, at the quantum level, it lives
on shell for the original field and at one loop only, two facts that are crucial to proof the
finiteness of the model. As one might expect, not everything can be good news as this
model has some shortcomings. One of these is that the model has ghosts. The other is
that it is finite only in vacuum, therefore it does not include matter, which is not the
best of approximations, but we hope it to be one small step towards the long sought final

dreamed theory of quantum gravity.
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Introduction

The past century has been the scenario for two major revolutions in physics, the quantum
theory and relativity, by relativity I mean the special and general theory. If we look at
the history of physics tracing back to the days of Kepler, many of the most striking ad-
vances in theoretical physics have derived from the effort of finding a common theoretical
framework for two theories which were apparently disconnected or, even more, in conflict
with each other. This has always resulted in predicting new physical phenomena. For
example, combining Keplerian orbits and Galilean physics led to Newtonian mechanics
and its most celebrated three laws of motion. Maxwell’s electromagnetism and Galilean
relativity led to special relativity and the concept that time and space are relative. Spe-
cial relativity and Newtonian gravity led to the General Theory of Relativity, giving rise
to a geometrical interpretation of Gravity. Special Relativity and Quantum Mechanics
led to Quantum Field Theory, which brought as a consequence the prediction of the ex-

istence of antimatter, soon confirmed by experimental observations.

As far as we know, there are four fundamental forces that govern the natural world:
the electromagnetic force, the weak and strong nuclear forces, and Gravity. Gravity was
the first to be explored and described by Newton’s Universal law of gravitation, then
Maxwell unified electric and magnetic effects in his four celebrated equations. Maxwell
equations are classical, this is, not quantum, and since the beginning of the twenty century
the quantum revolution made it through to stay, physicists began to look for a quantum
version of electromagnetism. This was finally accomplished by Feynman, Schwinger,
Tomonaga, and Dyson in the late forties, in a theory called QED (for Quantum Electro-
dynamics). Then, Enrico Fermi proposed a theory describing the weak interaction, but

this theory had the problem of not being renormalizable.

In the late sixties, Glashow, Weinberg and Salam provided the correct description

of the weak nuclear force and unified with the electromagnetic one in their electroweak



theory. Also, in the late sixties and early seventies, the theory for describing the strong
nuclear force was derived and was called QCD (for Quantum Chromodynamics). So far,
these three quantum theories are Quantum Field Theories and conform what is known
as 'The Standard Model’. But, what has happened with our understanding of Gravity?
The Gravitational interaction is described by Einstein’s General Theory of Relativity, also
known as ”geometrodynamics”. This last name is good because the source of gravity,
which is mass, which in turn as special relativity tell us is equivalent to energy pro-
duce the bending or curvature of spacetime so that the gravitational field manifest itself

through the curvature of spacetime.

GR is a well established classical theory [1]. For example it has predicted the bending
of light rays as they pass near a large mass (of the size of the Sun, for instance), the
precession of the perihelion of Mercury, the gravitational redshift of light, and the expan-
sion of the Universe. However, there are some more recent observations that suggest GR
may be modified by a more encompassing theory to explain certain ’huge’ effects as dark
matter [2] and dark energy [3]. All in all, GR contains singularities [4], which are places
in spacetime where the theory predicts infinite mass and therefore infinite curvature, and
the theory breaks down. These singularities are expected to happen inside black holes
and near the Big Bang, where the whole Universe was very small. In order to understand
what happens in these scenarios, we need a quantum theory of gravity. But these aspects
are not the only ones for having such a desire, for as we have already pointed out, the
unification of GR with Quantum Theory may predict a huge amount of new physical
phenomena and an understanding of them. To illustrate this point a little more, we can
take as an example the discovery in the mid-seventies of black hole radiation by Hawking
[5]. This result tempts us to suppose that it has exposed a small corner of a broad new
area of fundamental physics in which gravity, quantum field theory, and thermodynamics

are closely interwoven.

The understanding of a complete and correct theory of quantum gravity may help us
to overcome other difficulties such as the ultraviolet divergencies that plague the renor-
malizable quantum field theories of the other three interactions. These divergencies may
well be the result of the assumption that spacetime is, on all scales, a continuum. In
this respect, it is important to notice that one of the current candidates for the long
sought theory, the so-called Loop Quantum Gravity (LQG) [6], predicts the quantization

of spacetime.



The principal problem with the attempt to quantize gravity is that the coupling con-
stant, Newton’s gravitational constant, has dimensions of energy to the power of minus
two. What this actually means is that, when conventional field quantization methods
based on the weak-field perturbation expansion are applied to General Relativity, it ren-
ders a non-renormalizable theory, so that the perturbative approach does not work. This
may mean that either we have to search for a non-perturbative formulation of quantum
gravity or, as some people suggest, it may mean that GR is, as the Fermi theory was for
the weak interaction, an effective theory and that it is not of fundamental character, so
that we still have to find the correct classical theory to replace GR for a renormalizable

theory when quantized.

Another difficult issue which I think is good to point out is the apparent incompati-
bility of GR and Quantum Theory in the treatment of space-time and dynamical objects.
In GR, space-time is dynamical, in quantum theory is a fixed background in which the
dynamical objects, the quantum fields, act. On the other hand, in quantum theory, all
dynamical objects are quantized but in GR space-time is dynamical, so we reach to a
possible conclusion for the resulting theory: should space-time be quantized? Should the
theory be background independent? One could say that at least for the former that these
effects should manifest at the order of the Planck length, 10733cm, and that therefore
the effects of quantum gravity are important only at this scale, but there is an argument
that contradicts this point. Since gravity couples to everything because everything has
energy and with the same strength, it also interacts with itself and so interactions of,
say, photons with the gravitational field will be of the same importance as interactions
of gravitons with a gravity background or field and so these effects will manifest at all

scales [7].

Since the 1930’s to these days, many paths have been followed to quantize the gravi-
tational interaction. There have been the covariant approach [8], the canonical approach
[9], sum over histories, supergravity [10], twistor theory [11], non-commutative geometry
[12], loop quantum gravity [6], and string theory [13] [14], to name a few. Most methods
are by now quite involved, and none has been accepted as the correct and final answer to
the problem of quantum gravity. But all these efforts have been sparked by the problem
of non-renormalizability of quantum GR. As Feynman put it once over a period (the

1950’s) of his working life that he devoted to quantum gravity: ”the consequences of



quantum gravity might be a 'piece of cake’ to work out, after all, gravity is really weak”
Following the spectacular success of perturbative QED, he figured that there would be
essentially no need to work out anything beyond first order [15]. To this comment we
must add the fact that, if quantum GR is truncated to a certain number of loops in the
perturbative regime, then it can be made renormalizable, because it would involve a finite

number of counterterms [16].

In this thesis, we present a quantum gravity field theory model that we called Delta
Gravity. We use the standard techniques of quantization used in conventional quantum
field theory, this is, we base our analysis on weak quantum fluctuations of the field over
a background metric space so that it is a covariant approach. The new and important
ingredient is that, in contrast to quantum GR, this model only lives at one loop order
in perturbation expansion. It is a natural and almost unique extension of GR that has
two tensor fields. These is the graviton field g,, which transforms as a two covariant
tensor under general coordinate transformations (GCT), plus g, which transforms as a
two covariant tensor under general coordinate transformations and under an additional
symmetry. The classical aspects of the model were explored in [17], where it is shown that
dGR preserves the classical equations of the former metric guv- The equations of motion
for both fields are second order, the newtonian limit is compatible with experiments, the
equivalence principle is satisfied and, in Cosmology, accelerated expansion of the universe
is obtained without introducing a cosmological constant. This last feature is also quite
appealing, because not having a cosmological constant avoids the huge contradiction be-
tween its observational and theoretical predictions. In the present work, we show that

all delta theories live at one loop.

Our model is not only renormalizable but, the divergent part of the effective action
turns out to be twice of what was found in by 't Hooft and Veltman [8], which is propor-
tional to a linear combination of the square of the Ricci tensor and scalar curvature. As
the model lives at one loop, this is the exact effective action. Since the equation for the
original field is preserved, this means the quantum corrections of the model are On-Shell
in the g,, fields, so that also the Ricci tensor and thus the Ricci scalar vanish resulting
in that the divergent part of the effective action vanishes. This implies that in our model
the effective action at one loop is exact and finite in vacuum so that it does not need to

be renormalized.



The problem that this model has is the apparently inevitable appearance of ghosts.
Due to them, it may not be unitarity or stable. This in turn implies difficulties with
the quantization of the model, but in [18] [19] [20] [21] [22], phantom fields are used to
explain the accelerated expansion of the universe as an alternative to the cosmological
constant and quintessence, a feature that our model [17] seems to introduce in a natural
way. It would be possible that our ghosts could be related to phantom fields in §GR. This
connection may be far reaching because the phantom idea has gained great popularity as
an alternative to the cosmological constant. The present model could provide an arena to
study the quantum properties of a phantom field, since the model has a finite quantum
effective action. Moreover, the advantage of being a gauge-type model maintains open
the possibility of fixing a gauge in which the model is unitary or impose a condition to
restrict the physical Hilbert space in such a way that the model defined on this subspace
is unitary. On the other hand, as [21] mentions, a choice could be made of having either
ghosts or instabilities. There the author explains that, in order to save unitarity, we are
forced to choose instabilities that would imply having a Hamiltonian not bounded from

below.

Naturally, a theory of gravitation without matter is incomplete, but it serves as a
motivation for future works where the research on this type of models can lead us to
more realistic results. A possible solution is to use & Supergravity models that contain
matter fields [10] and could cure the phantom instability. Another possibility is to use
the model we present here and add to it & matter fields.

In Chapter 1 we give the definition of the § transformation, we present the general
coordinate transformations and their corresponding extensions, we define the new gauge
transformations, the generalizations of the covariant derivative, and the generalization of
the affine geometry. In Chapter 2, we show the general form of the invariant action for
general 5 theories, we present and demonstrate the invariance of ) Gravity action, and
give the general form of the classical equations of motion for general fields. In Chapter
3, we compute the effective action for a generic 6 model and show that all of them live
at one loop. Chapter 4 shows how the gauge fixing and the corresponding Faddeev-
Popov Lagrangian for the model are found using the BRST formalism. Chapter 5 is
the most important chapter of this work, here we apply what was seen in the previous
chapters to the particular case of the Einstein-Hilbert theory. We show the classical

equations of motion for the two fields and give solutions for the particular case of the



Schwarzschild metric. 'We apply the background field method (BFM), we present the
relevant quadratic total Lagrangian. We also calculate the divergent part of the effec-
tive action at one loop using an algorithm developed in [23]. In Chapter 6, using the
gauge fixing of the previous chapter, we explore the Hamiltonian formalism, redefine the
fields and the creation and annihilation operators, and we see the existence of ghosts. In
Chapter 7, we analyze the form of the finite quantum corrections to the effective action
and we show the modification of the equations of motion due to the simplest type of cor-

rections [24] [25] [26] [27]. Finally in Chapter 8, we present the conclusions of this thesis.

In Appendix A, we give a review of the Background Field Method following [29].
Finally, in Appendix B, we give a brief review of the algorithm developed in [23] for
the computation of the divergent part of the Effective Action at one loop and we indicate

the values of the parameters used in our case.

Motivated by simplicity, we will use cosmological constant A = 0.



Chapter 1
0 Transformation

In this work, we will study a modification of models that consists in the application of
a variation that we will define as 0. As a variation it will have all properties of a usual

variation such as:

0(AB) = §(A)B+ Ad(B),
00A = 60A,
5(P,) = (6D),. (1.1)

The particular point with this variation is that when applied to a field (function,
tensor, etc.) it will give a new element that we define as ¢ fields which is an entire new

independent object from the original:

5(®) = D, (1.2)

and to indicate this, is that we call this variation ’delta tilde’ 5.
We take throughout our work the convention that a tilde tensor is equal to the &
transformation of the original tensor associated to it when all its indexes are covariant.

We raise and lower indexes using the metric g.

In this form, we will have:

Il
SO

S;wa... (S;wa...) ) (13)



and, for example:

S (Suljoz...) - S(gupspl/am)a
= S(QMp)SpVa... + gupg (Spua...) . (14)

It is known that §(g") = —6(gas)g"*g"?, so:

S(‘Swr/a...) = _gupspua... + g'ul,a__- (15)

1.1 General Coordinate Transformation

With the previous notation in mind, we can work out the general transformations § for
any tensor with all its indexes covariant. (For mixed indices, please see (1.5).) We begin
by considering general coordinate transformations or diffeomorphism in their infinitesimal

form:
o=t — §g(x),

k= —¢&i(x). (1.6)

Where ¢ is the general coordinate transformation. Now, we define:

(x) = 0¢g (w). (L.7)
Now we see some examples:
I) A scalar ®(z):

¥(2’) = (),
§b(z) = E'D,. (1.8)

Noting that § commutes with 8, we can read the transformation rule for ® = §®:

0b(z) = &', +£D,,. (1.9)



II) A vector V,(z):

V() = & Vs + &, Va. (1.10)

Therefore, using (1.5), our new transformation will be:

V(@) = Vs + & Vo + Vg + 65V (1.11)

IIT) Rank two covariant tensor M,,:

5MHV(:E) = nguvap + fg,uMuﬁ + fg,”Myg, (1~12)

and for M, s

5]\2“,,(33) = ng;w,p + glﬁ,uMuﬁ + SIB,MMV/J’ + SSMMV»P + fg,uMuﬁ + gg,uMVB' (1'13>

We can define the new general coordinate transformations so that dq is the transfor-

mation in &y and 9, in &. This new transformation is the basis of this type of model.

1.2 Symmetry, Algebra and Gauge

1.2.1 Gauge Transformations

In gravitation we have a model with two fields. The first is just the usual gravitational
field g,,,(z), and a second is §,, (z), which corresponds to the § variation of the first. We
will have two gauge transformations associated to a general coordinate transformation,

given by (1.12) and (1.13):

09 () = gupfg,u + Qupfg,u + G0 (1.14)
0guw(z) = gupffy + gupgiu + G €7 + ?]upfg,u + nggg,u + G0 (1.15)

where &(z) and &|'(x) are infinitesimal contravariant vectors of the gauge transfor-

mations. Studying the algebra of these transformations, we see:



[5207 5£o}gw($) = gupgg,u + gung,u + guv,pcg: (1.16)

with:

Go = &5.,66 — €0.,60. (1.17)

and:

[5@ 56]9;”/@) = gﬂpgf,u + QVpCf,u + guv,pCf + @mcg,u + gvpgg,u + g/w,pg(/)) = 6C§HV<I>7 (1-18)

where (; is as before and:

G = E0p67 + 60,80 — &0,€0 — €1,80- (1.19)

It can be seen from the above equations that both transformations form a closed al-

gebra.

1.2.2 Covariant Differentiation

First, it is good to note that, in this thesis, we always use torsion equal to zero: 17 , =0

so that,

« 1 (6%
F,uz/ = 59 ﬂ(augﬁ,u + a,uguﬁ - aﬁguu)' (1'20)

As it is usual, we define the covariant derivative as:

D, Ay = Apy = Aoy — T 0 A, (1.21)

)

where A, is a covariant vector. Now we generalize the definition of the covariant

derivative when it acts on ’tilde’ tensors e.g:

VI/AQ == 5(DVAO¢> = Aa,u - Fay/\A)\ - S(FQVA>A)\7 (122)

10



where fla = SAa, and we reserve the D notation for the usual covariant derivative

and V for the generalized one so that:

V,Ay, =D, A, — (T, ") Ax. (1.23)

av

Where:

~ 1 B R ~
(S(Fa:\) = 59)\/) (Dugpa + Dagup - ngow) ) (1.24)

further, the infinitesimal transformation of the modified connection is:

5(5FMVE) = Vuvugi + Ray’yuf? + S(Ray'yu)fg)}/? (125)

with:

B(RE,,) = Dy [3(1,0)] = D, [6(r,9)] (1.26)

As D, A, is a two covariant tensor, V,A, is a tilde tensor of rank two and trans-
forms according to equation (1.13). This definition of covariant derivative will be used in
Chapter 5. We notice that an analogous type of generalization of covariant derivative

was used in [30].

1.2.3 Affine Geometry

We know that the Riemann curvature and the torsion tensors give us useful pieces of in-
formation about the geometry of the manifold that we are studying. In particular, they
provide a link between the properties of the space in question with the commutation of
the covariant derivatives defined on it. What we find for our modified theory of gravity

is an almost predictable generalization of the standard results known for the usual theory.

First we cite the elementary result true for a A,:

Dy, DyJAq = —R?, ., A, — T7, (D,Ay), (1.27)

apy

11



where R’, , is the Riemann Tensor given by [23]:

R%,, =05 — 0,8 +1,°T, 7 —T,°T 7 (1.28)

with the Ricci Tensor R, = R® the Ricci scalar R = g"” R, and:

pow?

v, =r,,r-1ry (1.29)

is the torsion tensor. Now, we have a new ingredient that comes with A,:

A, = 8(R%,,) A, — T, (V,A0) = 8(T7, )(D,As).  (1.30)

auy

V,,V,]JA, = —R*

auy

Where:

o(T?, ) =o(L,°) —o(T,F) (1.31)

Now that we have established the notation and the definitions, we can start to look
for the structure of the modified models. In the next chapter, we will define the new

invariant action and find the classical equations of motion.

12



Chapter 2

Modified Model

As the general coordinate transformations were extended, we can look for an invariant
action. We start by considering a model based on a given action Sy|¢;| where ¢; are
generic fields, then we add to it a piece that is equal to a § variation with respect to the

fields, and we let ¢y = ¢, so that we have:

S(6.6] = Sulé] + ra [ a0l (2.1)

with ko an arbitrary constant and the indexes [ can represent any kind of indexes.
For more details of the definition of 0, please see Appendiz A of [17]. This new defined
action shows the standard structure used to define any modified element or function for
& type models, for example the gauge fixing and Faddeev Popov. Next, we verify that
this form of action is indeed the correct one for & Gravity and so is invariant to the new

general coordinate transformation.

2.1 The Modified Model’s Invariance

In this thesis, we will investigate the 0 Gravity action, obtained by the procedure sketched

above:

Slg,q] = / d?z\/—g (—iR) + Ko / (R“” — %g’“’R) V=9Gud%. (2.2)

Now we must verify that (2.2) is invariant under the following transformations:

13



09 (x) = g#ﬂgg,u + gupfg,y + Gu,p&8 = Eopw + Eovsps

601 () = &ipw + S + gup&’)},u + gvpgg,# + gul«pgg'
We can see that (2.2) is obviously invariant under transformations generated by &f,
since these are general coordinate transformations and we declared g,, to be a two co-

variant tensor. Under transformations generated by &(d1), g, does not change, so we

have:

. S S N
015(9,9) = ko / (R” - =g" R> V=9(61G,)d"z,

2
1
= /{2/ (R“V - é.g'uVR> V _g(glu;y + Slu;u)ddxa
1
= —2%2/ (R’“’ — ég“”R) \/—g&udd:p =0. (2.3)

2.2 Classical Equation

Now that we know that our action is invariant, we can start to study the model. To
begin with, we will analyze the classical equations of motion. When varying (2.1) with

respect to ¢y, we obtain the classical equation for ¢;:

050
5¢](.’L’)

[¢] =0, (2.4)

and when varying with respect to ¢;, we obtain the equation for ¢;:

S0 fo) s [t SO i) =0 (25)
6or1(y) ) T T aen(y)ag () T T |
Simplifying this equation using (2.4), we obtain:
[t 5 b =0 (26)
601(y)ds(x) T |
where we notice that 5(‘;?}9‘;[ [¢] is a differential operator acting on by. ¢; belongs to

the kernel of this differential operator. It turns out that the kernel is not zero, a fact that

14



can be clearly seen in this thesis, for the case of gravitation, in equation (5.2) and below.
Having studied the classical model, we can begin to look for the quantum aspects of

it. In the next chapter we will compute the quantum corrections using a path integral

approach.
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Chapter 3

Quantum Modified Model

In this chapter, we derive the exact effective action for a generic 6 model and apply the
result to the Einstein-Hilbert action in Chapter 5. We saw that the classical action for
a & model is (2.1). This in turn implies that we now have two fields to be integrated in

the generating functional of Green functions:

Z(],j) _ 6iW(j,j) _ /D¢Dgf;ei<so+f de%ti;I-&-fde(jI(x)¢1(x)+51(x)¢~>1(96))>. (3.1)

We can readily appreciate that, because of the linearity of the exponent on gz~5 7, what
we have is the integral representation of a Dirac delta function, so that our modified model
once integrated over gz; 7, gives a model with a constraint making the original model live

on shell.

. . N 0.5, ~
2(j,7) = /D¢ez(so+fd xJI(ﬂﬁ)fﬁl(m))é <5¢I(Ox) +]I(a})) . (3.2)

A first glance at equation (3.2) could lead us to believe that this model is purely
classical. But we can see by doing a short and simple analysis that this is not so. For
this, we follow [31]. (See also [32].)

Let ¢r solve the classical equation of motion:

850 <
opr () oy +Jr(x) = 0. (3-3)

We have:

16



5 (200 + ji(x) — det ﬂbz o(¢r — i) (3.4)
(5¢1($) 0¢1(x)0¢,(y)

Therefore:

_ ) N 0.5, ~
7015 = [ DepeiSo+S dVzji (@) () 0 j
(i, 7) / de o ((5@(:10) +71(@) |,

— i(So(p)+ [ dVzjr(@)¢r(w)) d_elt <&‘W) . (3.5)
d¢r(2)0s(y)

Notice that ¢ is a functional of j. The generating functional of connected Green

functions is:

W0J) = i)+ [ @aintalele) + i1 (1o (W!)) ()

Define:

ow

orle) = ojr(x)’
= i(z)
- ow

The effective action is defined by:

0@ 8) =W, J) - [ e {ie)i(a) + o))}

We get, using equations (3.3) and (3.6):

[(®,®) = So(P) + / ANz > gif;)él(x) +iTr <log ((m(g%)) . (3.7)

This is the exact effective action for § theories. In this proof, it is assumed that all

the relevant steps for fixing the gauge have been made in (3.1), so Sy includes the Gauge
Fixing and Faddeev-Popov Lagrangian, which will be the matter of the next chapter.
Comparing equation (16.42) of [31] with equation (3.7), we see that the one-loop con-

tribution to the effective action of ¢ theories is exact and the é modified model lives only

17



to one loop because higher corrections simply do not exist. Finally it is twice the one
loop contribution of the original theory from which the § model was derived. This results
from having doubled the number of degrees of freedom. We also see that this term does
not depend on the ¢; fields.

We see from equation (3.7) that the equations of motion for the original field ®;(x)

do not receive quantum corrections:

5
(@I(z)r(@,«b) — 0,
550
o = (3.8)

On the other side, when varying with respect to ¢, one obtains that the equations

of motion for the new field ¢; do receive quantum corrections:

)
(S(I)[(IL‘)

/d%%@mﬂ%@ﬁ (log (%)) = 0. (3.9

In conclusion, the quantum corrections behave as a source that only affects the equa-

L(®,®) = 0,

tions of the new field, while those of the original field remain unchanged. This is clearly
seen when we compare (3.8) and (3.9) with (2.4) and (2.6).

621 (2)02,(y) R
(see [30]). From equation (3.7), we see that the 6 model will be renormalizable if the orig-

In general, Tr <log <52¢>> could be divergent and needs to be renormalized

inal theory is renormalizable. But, due to equation (3.8), originally non-renormalizable
theories could be finite or renormalizable in their § version. This term can be calcu-
lated in many ways, for example by Zeta function regularization (see, for instance, [33]),
perturbation theory (Feynman diagrams), etc. For gravitation, the calculation of this
term is quite difficult for any of the above methods, so we will use an alternative method
developed in [23].

In the present work, the 6 Gravity model contains two dynamical fields, 9w and G,
both of which are important to describe the gravitational field in this approach. (see
[17]). So, we must consider the effective action of the model for the two fields. We saw

that g,, always satisfies the classical equations. This is the meaning of equation (3.2).
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However, the equation of motion for g,, do receive quantum corrections. Moreover, One
Particle Irreducible Graphs containing g, external legs are non trivial and subjected to

Quantum effects.
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Chapter 4

Gauge Fixing and Faddeev-Popov

Lagrangian via BRST Formalism

We start by using the background field method (See Appendix A) in which each field

is separated into a classical background ¢, g and a quantum part h, h:

G = G+l G = G + (4.1)

Now, we give the BRST transformations d of our model:

§o(x) = Acgla),
§i(x) = Adi(x), (4.2)
where \ is a Grassmann constant and cfy, ¢} are the two ghosts of our model. Starting
from the gauge transformations for our quantum fields h,, and iz,“, [34], we obtain to

zeroth order in h and h:

5h,ul/ = CO;},;V + COy;l“ (43)
5h;u/ = Cipw + Clu;p + §MV§>\CS + gukc(/};u + gvz\c())\;;u (44>

and we also have:

Sch = cgcgyp,

ok = ek, +dd

S = ith(a),

5ct = il (x), (4.5)
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for the corresponding anti-ghosts ¢ and where the b’s are the auxiliary Nakanishi-

Lautrup fields which satisfy:

by, = 0. (4.6)

It has been verified that these transformations are nilpotent. Now, we choose for our

gauge fixing term:

CF = —\/—_g%2 —4 (@\/—_g%z) . (4.7)

We see that this is a good choice for our gauge fixing since it is invariant under both

transformations dy and d; (see 2.1), where [8] [23]:

c? = go‘ﬁCaC'g,
1
C. = Dyh, — §Duhllj. (4.8)
In this way, we have:
— /=g m2 o O L5 (970G,
GF = g{<1+29 gaﬂ> 2+/€2(5( 5 )
K2 o5~ C,CH ~ G,3CHCP
= —/—g {(1 + 529 Bgag> “T + Ko <C#C“ — MBT)} : (4.9)
where:
~ N N v 1 v vp T 1 7 ~Up 1
C,=06C,=9 D,h;, — §D“h,j =977 |Vyhpu — §Vuhpy — g7 |Dyh,y, — §Duhp,, 4.10)
This can be written in the form:
GF = —/—gH,C", (4.11)
with:
Ko _,\ C - . CP
HM: {(1+§ga) 7“4—/‘62 (Cu—gug7)} . (4.12)
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Having established the form of the gauge-fixing term, we can now by a standard
procedure (the BRST method) find the associated Faddeev-Popov Lagrangian. Following

[28], now we do:

Lapsrp = —id(P), (4.13)

where P in our case is:

P =¢yH, + &'C, + 518 by, + B28yb1y, (4.14)

where the (’s are arbitrary constants to be fixed shortly, so we have:

Larpirp = —i(ibyH, + ib{'C, + i(B1 + Bo)bbo, — h(6H,) — & (5C.,)), (4.15)
and so:

Lor = bgHu + blllcu + (B1 + B2)bi oy, (4.16)

Lrp = i(ey(6H,) + ' (5C,)). (4.17)

Now, for the gauge fixing part, we can use the equations of motion for the auxiliary

fields to make them disappear,

OLGF C
= C boy =0 — by, = ——F——|
ab;lt p T (ﬁl + 52) Op Ope (ﬁl + ﬁz)
OLgr H
= H,+ + B)biy =0 — by, = ——— 4.18
R w B )b YT (Bt B) (419
substituting in Lgr we get:
p p I 1
ﬁGF _ C HM i C Hu + (61 +B2)C HH - C H# (4.19)

(Br+B2)  (B1+52) (B1 + B2)? (P14 B2)’

S0 we see we recover our initial gauge fixing if we set (61 + f2) = 1. Now, for the

Faddeev-Popov Lagrangian, we have:

Lrp =i (ch(6H,) + 2 (6C,)) . (4.20)
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It is well known that [8] [23]:

6C,, = D,D"co, + Rl (4.21)
and using:
ghl,p = DZ/COp —+ Dpc()ua
Shy, = V,c1,+ Ve, (4.22)
we get
_ 5CP
5H, = {<1+22~a —+/<;2( gﬂg—)},
0C, = VY,V + Rcf — g"0(R R? ) 0o — G [DyDycoy + oo 1, ] (4.23)

So, evaluating in (4.20), we will obtain (5.14).

In the next chapter, we will study 5 Gravity. We will see that the divergent part of
the quantum corrections to the effective action give a null contribution to the equations
of motion for pure gravity and without a cosmological constant, which means that under

these conditions we have a finite model of gravity.
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Chapter 5
0 Gravity

Until now, we have studied 6 models in general. We found the invariant action given by
(2.1), with the classical equations of motion (2.4) and (2.6). Then, we demonstrated that
6 models live only to one loop and the effective action is given by (3.7). In this chapter,
we apply these results to gravity. In the first part, we will present the classical equations
of motion for both fields and show the solutions in two cases. Then we will apply the
Background Field Method (BFM) to obtain the quadratic Lagrangians and finally we

calculate the divergent part of the effective action for & Gravity.

5.1 Classical Equations of Motion and Solutions

Now we are ready to study the modifications to gravity. In this case, we have that

¢r — g and br — Guv- So, using (2.1), we obtain:

Lolgw] = \/—_9(—%3),
L{guw, G] = V=g [_iRJF nZGWgW] : (5.1)

If we vary this action, we obtain the equations of motion:

G = 0,
F(W)(aﬁ)pADpD/\gaﬂ = 0, (5.2)

with:

24



F) @A — plem(ed) gA | plio)@B) gur _ plu)(@B) gox _ plioA)(es) guv

1
P((O‘B)(UV)) — Z (gocugﬁl/ + go‘ygﬁu — gaﬁgﬂl/) . (53)

Where (uv) tells us that the g and v are in a totally symmetric combination. An

important thing to notice is that both equations are of second order in derivatives, which

is needed to preserve causality.

One particular solution to equations (5.2) is the following:

For the vacuum, we have for example the case of Schwarzschild:

~-(1-2) 0o 0o 0

0 = 0 0 (5.4)
g v = T R .
' 0 0 2 0
0 0 0 rZsin(f)
which has a solution for g,z of the form:
—(1-2) 0 0 0
0 B0 0
g,uzl = (1_%) . (55)
0 0 r? 0
0 0 0 r*sin(6)

Here it as been imposed that g,, and g, approach Minkowski space when r — oo,

and « and [ are determined by boundary conditions.

5.2 Quadratic Lagrangians

We proceed to calculate the quadratic Lagrangians for ¢ Gravity and Faddeev-Popov.
These expressions are needed to obtain the one-loop corrections of the model. For this,
we use the Background Field Method (See Appendix A). That is ¢g,, — g, + by and
I = Guv + ilw,, this is:

/—q _ 1
Lolgu + hw)] = Ton <_R - 502) ’
Liguw + Iyw] = 2/_<ag (_R — CV"H, + H2GW§W) ) (5.6)
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with R = R[g + h] and G* = G*’[g + h]. We have included the original gauge fixing
Cu=h, — %hZ;M and the new part H, = % (1 + %gg) Cl+ ko <éu — %gupcp) When we

calculate the quadratic part in the quantum gravitational fields, h,, and ﬁuy, we obtain:

1 - ()‘77) -
— — /= nT ((ap) () (ve) (ve)
Lguad = 2\/ gh(aﬁ)P K(;w) Vi\V, + W(W) hye, (5.7)
and:
. he,
hapy = ( 1 Z > (5.8)
[Kha)](M) _ Low (4 F95) O+ K2P(1)) (6, S(PPOD) gl ) B2amge (19 (5.9)
(pv) 2% H25lz€/ 0 2K K 0 0
K2 ~o (ve) Ty (ve) -1 < op)(aB (ve) (ve)
woa] = 1 (U 508) X1y + Rad(X(L) + kaP() (o S(PUOPCPMX OB ma X (0) (5.10)
(uv) K IiQX(’YE 0 :
(nv)
Where:

1 1 1
X2 = 5 (RIS RED 4 5 GURS + G2+ URE 4+ 650) = 7 Ry — B0 % = LR (5165 + 6567 — 0,087 J5.11)

where P(#)() is defined in (5.3) and 075 is the symmetrized Kronecker delta. More-

v

over, the covariant derivative works on /.. vector like:

Vahre) = Ohire) — [Fﬂ hge) — [FAEB ] hxp), (5.12)

with:

[FAWB] _ ( S(FPA:;) Fff ) , (5.13)

And using the BRST method, we obtain the Faddeev-Popov Lagrangian:

(pv)
_ =T BA HA L) 2
Lp = &'v/=g ([KFP} V,V, + [WFP &, (5.14)
Where:
& = oA (5.15)
Cix
1 K2 50\ ghA _ K2 guX HA

2 (pv) - vp 3 (]- + B) go')g 5 9 K29 e mUP P Lo
[KFP] = 19 gix 0 k29" "g 0 0 (5.16)
{WM] 7 (L 2237) R = kaGag RN — B2 GHORG — g*P g6 (Rﬁm) 2 R (5.17)

FP R,u,)\ 0 '
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with:
VaZ, = OnE, — [rAf] & (5.18)

5.3 Divergent Part of the Effective Action

In Chapter 3, we demonstrated that the quantum corrections to the effective action do
not depend on the tilde fields, in this case g,,. On the other side, Renormalization The-
ory tells us that its divergent corrections can only be local terms. So, by power counting
and invariance of the Background Field Effective Action under general coordinate trans-

formations, we know that the divergent part to L loops is [8] [35]:

ASE, o / d*r/—gRMT, (5.19)

where RUT! is any scalar contraction of (L + 1) Riemann tensors. As our model lives

only to one loop,

LE = /=g(a1R* + az RagR*). (5.20)

We do not use R,s, AR because we have the topological identity in four dimensions:

V=g (Ra[gw\Ro‘ﬁ”’\ — 4RQBRO‘5 + R) = Total derivative. (5.21)

To calculate the divergent part of the Effective Action in our model (i.e. a; and as in
(5.20)), we made a FORM program [36] to implement the algorithm developed in [23],

obtaining in our case (See Appendix B):

: he (7 7
de — L p2 -R, af
Q,grav V=g - (12R + 6R s > )
: he (17 7
div o 2 a3
LG ghost = —2X ant/ioe (@R + %RaﬁR ) ;
4 he (1 7
L& = /=g— | —=R?>4+ —R.3R*’ 5.22

with e = 87%(N — 4). When we compare with the usual result in gravitation [8] [23],

we can see that we obtain twice the divergent term of General Relativity. Divergences
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also double in Yang-Mills [30].

Moreover, since Einstein’s equations of motion are exactly valid at the quantum level,

Cla. @
00w
where I'(g, §) is the Effective Action in the Background Field Method. It follows that

the contribution of (5.22) to the equation of motion vanishes:

VIl (1o, T 1 6R 7T 6R® T _ .6Rug
A L iy > 7Ra ROZB —R 7Ra - 7R(1B7 =0(5.24
C[ = 7 o™ 0T ) 50 g, T 10 g T 10" g M, = 0O

Therefore, 6 Gravity is a finite model of gravitation if we do not have matter and a
cosmological constant. The finiteness of our model implies that Newton’s Constant does
not run at all, neither with time nor energy scale, which would be supported by the very
stringent experimental bounds set on its change [37] [38]. We must notice that this model
is finite only in four dimensions because we need (5.21). Moreover, in more dimensions
there could appear more terms in (5.20) that contains RF#2-#~ with N the dimension

of space, that give a non-zero contribution to the equations of motion.

In spite of these apparent successes, there seems to be a problem with this model,

namely is the possible existence of ghosts. This issue will be dealt with in the next chapter.
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Chapter 6

Ghosts

In this chapter, we discuss the fact that our model has ghosts, as well as the lost of uni-
tarity due to them. In order to proceed with this endeavor, we first write the quadratic
Lagrangian (5.7) for a non-interacting model (this is, with the backgrounds both equal to
the Minkowski metric tensor) and calculate from it the canonical conjugate momenta to
the quantum fields. It is important to notice that, for the Lagrangian (5.7), a gauge has
been chosen. Thus, it is possible to show, that under these conditions and in this gauge,
the quantum fields obey the wave equation and an expansion in plane waves is possible
where the Fourier coefficients are promoted to creation and annihilation operators much
in the same way as can be done for the electromagnetic potential. We use the canonical
commutation relations for fields and momenta to work out the corresponding canonical
commutation relations for the creation and annihilation operators. We also show first
the Hamiltonian in terms of fields and momenta and then in terms of annihilation and

creation operators.

To study the existence of ghosts in the model we will study small perturbations to
flat space. This is done by taking expression (5.7) and putting the backgrounds equal to

the Minkowski metric g, = 1., and g,, = 1,,, thus obtaining:

1 1— -
Slh,h] = = d%ﬂW%M%§7;2&%ﬁ%w+@%%ﬁ%w)7 (6.1)

where now:

(e v 1 (6772 v av (03 4
PUOBUD == (™ ™™ — ) (6.2)

and the equations of motion for the fields are:
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O*h,, = 0,
Ph,, = 0. (6.3)

With 6% = 1**9,0,. This corresponds to the wave equation with energy FE, = |p|.
Here we notice that in order to obtain these equations, we have made use of a particular

gauge fixing term (4.11) in the Lagrangian (5.7).

It is well known that for a diffeomorfism-invariant Lagrangian, the canonical Hamil-
tonian is zero. This is so in delta-gravity as well as in General Relativity: the total
Hamiltonian is a linear combination of the first-class constraints (See [9]). After gauge

fixing, the Hamiltonian is:

2k ~ (1 — HQ) ~ ~
— 3 PR 1 O‘B HY C!B g
H /d z <K2 8 (H T L >> (6.4)
3. (52 p(@B)w) (47 .5 (I—ra) o
+/d x <2/€P <8Zha58,h,w + %rs &haﬁ@,h,w ,
with:
Pasyuw)) = Moy + NNy = NagMuw = AP((a)(u)): (6.5)

and where the conjugate momenta are:

5L
0P
1

= P00 (1 )by + Kabes) (6.6)

oL
R

K9 .
22 pleB)w)p_ ..
2K g

=

(6.7)

We can write our fields & y & the following way:

d3p (AB) ip-T (AB) + —ip-x
huw(x,t) = /(27r)32Ep [X(W) (P)G(AB)(P)e + X(uv) (P)G(AB)(P>€ } ‘po:Ep
7 — d3p (AB) ~ ip-x (AB) ~+ —ip-x
hult) = | s () B)agam (B)e™ + X0 ()afy ) ()™ | |, (6.8)
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(AB
(wv)

annihilation operators when we quantize it. CL?AB)@)) and EL?FAB) (p) correspond to the

where y )(p) is a polarization tensor and a(ap)(p) and aap)(p) are promoted to
creation operators. A and B are indices of polarization that work like Lorentz indices,
this is, they go from 0 to 3 and are moved up and down with nZ. As these indices are
presented symmetrically, we will have ten polarization tensors, enough to make a com-
plete basis. For quantization of the model, we must impose the canonical commutation

relations, the only non vanishing commutators are:

[h}w(ta X)v Haﬁ (t’ y)] = [ﬁuu(ta X)v ﬁaﬁ (ta Y)] = 'é&zyﬁ(s?)(x - Y)' (69)

When expressed using (6.8) the non-vanishing commutators are:

04 0.5 (8] = ["(0), ()] = 5550~ ), (6.10)
@ (p), i ()] = DA ). (6.11)

2
There is a slight subtlety in calculating the above commutators. Basically, the ex-

pression that appears at one stage of the calculus is:

€ (6% 1
> X PO = >0 X Vf)xép)—zn "Xy Tr(X), (6.12)
ABCD ABCD

and since we have the completeness relation:

(08) 5(CD) _ s(aB)
Y X XemOian) = O (6.13)
ABCD

we must impose T7r(x) = 0, which in turn means that Tr(h) = Tr(h) = 0. This
can always be done, because the gauge fixing being used does not fix the gauge freedom

entirely, and this further condition can be imposed (see [39]).

The Hamiltonian expressed in terms of creation and annihilation operators is:

a3
H= / 4—pr ((1 = ko)akza™® + kaalzat? + kodlpa?) (6.14)
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where we have subtracted an infinite constant. Looking at this Hamiltonian, we
notice that it has cross-products of operators, which obscures its physical interpretation.
Something analogous happens when we observe the commutators (6.10) and (6.11), and so
it is difficult to define their action over states. Because of this, we redefine our annihilation
(and therefore also the creation) operators, for which we return to our action (6.1),

defining:

h = ABL, + BR2

pv

hw = Chl,+ Dh (6.15)

pv?

where A, B, C' and D are real constants, so that the new fields, h' and h?, are real

fields. When replacing this in (6.1), we obtain:

- 1 A - - B - -
Sp',h? = P / dtzp((eB) () (2(A — koA + 2k2C)hL 30%R),, + 5 (B—raB + QKQD)hiﬂaz’hfW)

+PUA D (AB — 15y AB + 5y AD + 5y BC)hL 0% 12 (6.16)

pv

With the objective of decoupling the new fields, we make the last term in (6.16) null.
It can be demonstrated that imposing the above criteria, it is inevitable that one (and
only one) of two fields will be a ghost. We make the choice of h? as the corresponding
ghost. Taking the above considerations plus the condition that (6.16) to have the usual
form of an action with real fields, we impose that the coefficients of the first and second

terms in it are % and —%, respectively. This means:

A = B,
C = 1—(1—52)82,
2/‘4}23
1 —f- (]_ — lig)BQ
D = — 1
2%23 ’ (6 7)

where B is left as an arbitrary real constant. Here we make the point that, if we had

chosen h' as the ghost, then the real constants change such that C' < D.

Thus, the action we are finally left with is:

o 1 U T
1 2 4 « v 1 271 2 272
SR = o /d 2 PUeB) () (5%0 B = 5ha0 hW) . (6.18)
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Following this same line of reasoning, we can find the annihilation operators for h!

and hZ:

bap(P) = Lt B;g — KZ)CLAB(ﬁ) + ke Baap(p), (6.19)
) = g aan(s) — 5aBias() (620

where we have used (6.15). It can be verified that the only non vanishing commutators

are now:

L AP @),06L ()] = 4kdepd* (7 — 1), (6.21)
AP G, 0L ()] = —4r8E50% (5~ p). (6.22)

These commutators indicate that b! and b? have a vanishing inner product and that b2
is the annihilation operator for the ghost. On the other hand, the Hamiltonian expressed

in terms of these operators is:

H= / CL g (BLhbIAB — p2t [2AB), (6.23)

Due to the existence of the ghost, it is possible that this model will not be unitary. To
analyze this in greater depth, it is necessary to do a more profound study of the S-Matrix,
but to do this for gravitation is a colossal task that would take us beyond the original
scope of this work. On the other side, the existence of ghost or phantom fields has been
proposed by some authors to explain the accelerated expansion of the universe [18] [19]
[20] [21] [22], a feature that our model presents [17]. The problem with these models
is that, when they are quantized, either there is a loss of unitarity or there is negative
energy, which means loss of stability. Looking at (6.18), we find that the propagators of

h' and h? are, respectively:

1
268 @m0 (6.24)
2P : (6.25)

(@B) W) 2 £ i
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where the sign + in the phantom propagator, h?, will decide whether unitarity and
negative energy solutions or nonunitary and positive energy solutions will be present in
the model [21].

The advantage that our model has against other models that use scalar fields for the
phantoms is that, being a gauge model, the possibility remains, open of fixing a gauge in
which the model is unitary, keeping the model’s good attributes, as in the BRST canon-

ical quantization [40].

It is important to indicate, that the existence of ghosts is a general feature of all delta
theories and not only subscribed to Delta Gravity, as can clearly be seen in [30] (see there

Appendix B, where the hamiltonian of the model is not bounded by below).

The fact that our model has ghosts permits us to avoid a no go theorem [41][42] on
the non possibility of having models with more than one consistent interacting gravitons
(spin two fields). Thus, in our case, we have a model with two interacting gravitons, but
with a hamiltonian not bounded by below (instability) as exhibited by (6.23).

On the other hand, as a possible solution to the case of instability, we may consider 5
Supergravity, which may solve the unboundedness from below of the Hamiltonian. The
last argument comes from the fact that in supersymmetry one defines the Hamiltonian

as the square of an Hermitian charge, making it positive definite [43] [44].
Having explained the problem that our model has, now we discuss the new physics

that our model might predict. For this, we will analyze the type of some finite quan-

tum corrections and how the simplest of these affect the equations of motion of the model.
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Chapter 7
Finite Quantum Corrections

The finite quantum corrections to our modified model of gravity can be separated into
two groups. The first are the non-local terms, which are characterized by the presence of

a logarithm, in the form [27]:

2
vV—9R,, In <V ) RH

2
v2
vV—gRIn (—2> R (7.1)
!
where V2 = ¢V, V3, V5 being the covariant derivative. There are no terms like the

above ones but quadratic in the Riemann tensor because these terms always occur like:

Yim (V—j> , (7.2)

€ 1t

and it is known that the terms that appear with the pole are purely Ricci tensors
and Ricci scalars [8] [23] (see eq. (5.22) too), which in turn is due to (5.21). Now, when
looking at the quantum corrections and Eq. (5.23), we need to care about the variations
of (7.1) with respect to g,,. Taking this into consideration, for the non-local terms we

have:
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2
4] (\/—g) R, In (%) R =0,
V2
V—9R,0 <ln (F) R“”) = 0,

2
vV—96(R,) In (%) R = 0

5 (v=5) Rln (Z—j) R -0,

v=ans (1n (Z_> R) =0

V=95(R)In <V—j> R = 0, (7.3)

i
because our model lives on shell, i.e. R,, =0 and R = 0. So, we see that the only

relevant quantum corrections will come from the second group, that is, from the local
terms that correspond to a series expansion in powers of the curvature tensor. The linear
term is basically R, which corresponds to the original action, and the quadratic terms
when taking into account their contribution is null due to (5.21). The next terms to
consider are cubic in the Riemann tensor. In principle, any power of the curvature tensor
will appear, but we now want to discuss only the cubic ones because they are the simpler

to be dealt with [24]. The most general form of these corrections is:

i = \/jg(cl Ruae RPARY o+ co RM R, PR + c3 RWRFPIR 5 + ca RR,“,,\NR“”)‘”). (7.4)

This type of corrections will affect the equations of motion for g,,. So, using (3.9),

we obtain:
1
F©@BAD Dy Gop = . (MW" 4 e NW) 4 ¢;B¥) 4+ 3{D, , Do} ElHIel) - (7.5)
2
with:
1
M#) = 2 (DaD"A) 4 DoDFA — DuD*AM) — g D, DAY | (7.6)
AWw) — o, proBy RYp 5 + cag™ R R, (7.7)
1
N(;u/) _ égijpG)\UR)\aaﬁRaﬁ pe + BRPE)\UROZKPROW)\U’ (78)
1
B(#V) - §gﬂyRPe>\aRpa>\ﬂRaoeﬁ + 3RP€>\0RVU%R#€£>\’ <79)
1
Bl = ey RO SR g Sy (RYROPH — R R, (7.10)
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where [pv] means that 4 and v are in a antisymmetric combination, and F(##)(@8)pA
was defined in (5.3). Obviously, if we do not have quantum corrections, i.e: ¢; = ¢y =
c3 = ¢4 =0, (7.5) is transformed in (5.2). It is possible to demonstrate that one solution
to (5.2) is §u = gy, a fact that is necessary so that the predictions of the original theory
of Einstein-Hilbert are still fulfilled in vacuum. This means, the solution of (7.5) must

come to be small perturbations to g, .

6 Gravity will provide finite answers for the constants ¢;. Due to the general structure
of the finite quantum corrections, they will be relevant only at very short distances and
strong curvatures. So the natural scenario to test the predictions of the model is the
inflationary epoch of the Universe. The computation of the ¢; and the phenomenological

implications of Quantum & Gravity will be discussed elsewhere.
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Chapter 8
Conclusions

We have shown, following [30], that the o transformation, applied to any theory, pro-
duces physical models that live only at one loop. This is achieved introducing new fields
that generate a new constraint through a functional Dirac’s delta inside the path integral
(3.2). We have seen that the original symmetries are generalized when we apply the 5
transformation. Moreover, the modified model is invariant under the generalized sym-

metries.

Now, going to 5 Gravity, we calculated the divergent part of the action to one loop
and we obtained twice the well-known result of [8]. We see that this factor of two appears
also in [30]. The divergent part at one loop is zero in the absence of matter and on shell,
so & Gravity is a finite quantum model in four-dimensional space-time. This in turn
implies that Newton’s Gravitational Constant does not run with scale, which agrees with

the very stringent experimental bounds that restrict its variation [37] [38].

We have shown that perturbing around the Minkowski vacuum and using a particular
Lorentz-invariant gauge, we can redefine the gravitational fields in such a way that the
free part of the action is decoupled. In this redefinition, it is seen that one of the new
fields is a ghost. In spite of that, this may bring unitary or unstable problems (nega-
tive energies), these ghosts (phantoms) can explain at a classical level the accelerated
expansion of the universe [17]. Scalar phantoms have been introduced in order to explain
Dark Energy in [18] and discussed in many papers, for instance, [19] [20] [21] [22]. This
connection may be far reaching, because the phantom idea has gained great popularity
as an alternative to the cosmological constant.The present model could provide an arena

to study the quantum properties of a phantom field, since the model has a finite quan-

38



tum effective action. In this respect, the advantage of the present model is that, being
a gauge model, it could give us the possibility to solve the problem of lack of unitarity
using standard techniques of gauge theories as the BRST method. This is something
that needs to be studied further but goes beyond the original scope of this work.

We want to point out that Supergravity with matter is finite at the one-loop level
[10]. According to the general argument developed in this thesis, 5 Supergravity will be a
one-loop model that has a strong possibility to be a finite quantum model of gravity plus
matter, and it may also solve the instability of negative energies since in supersymmetry
one has a Hermitian charge whose square is equal to the Hamiltonian operator meaning
that the Hamiltonian is positive definite [43] [44].

Finally, we have shown that the contribution of quadratic local and non-local loga-
rithmic terms is zero due to the on-shell condition of the modified model. We have also
shown how the cubic corrections in the Riemann tensor affect the equation of motion
(7.5). Given the general form of the quantum corrections in quantum & Gravity, they

might be important during the inflationary epoch of the Universe.
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Appendix A: Background Field
Method

The Background Field Method (BFM) is a mechanism used to calculate the effective
action at any order of perturbation theory without losing explicit gauge invariance. This
simplifies the calculations and the comprehension of the model. The importance of the ef-
fective action is due to the fact that it contains all the quantum information of the theory
and that from it all One-Particle-Irreducible (1PI) Feynman diagrams can be computed.
Stringing them together, we can compute all connected Feynman diagrams in a more

efficient manner [29] and from them the S-matrix can be calculated.

Next we calculate the effective action I' for a general model using the BFM. One

begins by defining the generating functional of disconnected diagrams Z[.J]:

Z[J] = / Dype'Clet7¢), (8.1)

where S is the action of the system and where we will be using the notation J - ¢ =
[ Jed*xz. In the background field method, we identify ¢ — ¢+ ¢ inside the action, where

¢ is an arbitrary background. So now we have:

Z[J, ¢ = /Dgpei(s[‘”dm‘]'“"). (8.2)

Now the generating functional of connected diagrams W[J] is:

W[J] = —iln Z[J], (8.3)

so we define:

WI[J, ¢ = —iln Z[J, ¢], (8.4)
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and

)4

Y= 5T (8.5)
so here

. 0w

Y= (8.6)

with all these definitions it is possible to give the formula for the usual Effective

Action:

and the background field effective action:

L@, 6] = W[J, 6] — J - ¢, (8.8)

now we do the shift ¢ — ¢ — ¢ so that:

Z[J,¢) = Z[J]e™?, (8.9)

from which it follows (after taking logarithms):

WI[J, o] = W[J]| = J - ¢, (8.10)

taking now the functional derivative with respect to J:

p=9¢—9, (8.11)
but now we can appreciate that:
Llg, ¢l = W —=J-¢6=J-,
= Wl=J-0-J (p—9)
= W =J-o
[[.¢] = Tlg+9] (8.12)



In particular if we take ¢ = 0, we have:

I'[0, ¢] = I'[¢]. (8.13)

This means that the Effective Action of the theory I' can be computed from the back-
ground field Effective Action r by taking the quantum field to zero and with the presence
of the background ¢. Since the derivatives of the Effective Action with respect to the
fields generate the 1PI diagrams, the last equation means that if we treat ¢ perturbatively
what we will have will be diagrams with external legs corresponding to the background

field ¢ and with internal lines corresponding to the quantum field .

And so, to study the quantum effects it only suffices to do an expansion in the quantum
fields in the action S or in the lagrangian L using the identification of the Background
Field Method. This means:

or — o1 + o,

b1 — b1 + &1, (8.14)

We use (8.14) in 5 Gravity, where g,, — g + hyw and gu — Guw + izl“,.
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Appendix B: Divergent Part of the
Effective Action at One Loop.

As was mentioned in Chapter 3 there are various ways to calculate the divergent part
of the effective action at one loop, but they are quite complicated. So, we have resolved

to follow an algorithm developed in [23].

The effective action I' to one loop can be written as:

[[¢] = S[¢] + %hTr In D + O(h?), (8.15)
where:
; 528

is a differential operator depending on the background field ¢;. Its most general form

1S:

D»j N G R ijvm Vm o VﬂL + GHLK2 L1 gvmvm o VHL—l
+ WHHz L2 {Vm VMQ c VML—Q + NHHzpLS gvm Vuz s VNL—B
+ M/MMQ...ML—4 gvfuvuz L V,UL—AI + ... (817)

where K, S, W, N, M are parameters which must be specify for each model and V, is

a covariant derivative:

VoI 7 = 0,10 + 1,017 + w107 —w! 10, (8.18)
Vi = 0,9 +w] (8.19)
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here:

o 1 o
Ly = 59°7(Ougus + 095 = Opgu), (8.20)

and w#j ; 1s a general connection that ensures the object in question to transform in
the right way depending on which model we are considering (scalar-Yang Mills, vectorial,
tensorial, etc). The computation of the divergent part of Effective Action at one loop is
done through a lengthy and cumbersome calculation that consist in the sum of a finite
number of one loop divergent Feynman diagrams, the details are given in [23] and the
result by equation (30) in the same reference. This last result is too large to show here,
but it depends on the parameters involved in Dij (8.17). So basically, what we need is

the quadratic part of the lagrangian of the model to obtain the divergent part of the

effective action.

In § Gravity, we have:

. Fran (821

where h is defined in (5.8). As the covariant derivative acting on £ is given by (5.12)
this means i — (af3):

w,'; = — (0,165 + [,4108) (8.22)
where [[", ] is given by equation (5.13). The other relevant parameters in our model
are given by:

L=2

Kt T given by (5.9).

GHaH2 L1 z —0.

WHs2 L2 i given by (5-10)'

On the other side, to the Faddeev-Popov ghosts we have:

44



®i = Cas (8.23)

where ¢, is defined by (5.15) and the Covariant Derivative (5.18) says us that:

w!; = =7, (8.24)

Finally, the other parameters are given by:
L =2

FoHs B ij given by (516)

SMIM?.-uML—l z = 0.

Wkt given by (5.17).

45



Bibliography

1]

[12]

C. M. Will, The Confrontation between General Relativity and Fxperiment, Living
Rev. Relativity 9, (2006), http://www.livingreviews.org/lrr-2006-3.

F. Zwicky (1933), "Die Rotverschiebung von extragalaktischen Nebeln”, Helvetica
Physica Acta 6: 110127, Bibcode 1933AcHPh...6..110Z

A. G. Riess et al. (Supernova Search Team) (1998). ”Observational evidence from

supernovae for an accelerating universe and a cosmological constant”. Astronomical
J. 116 (3): 100938. arXiv:astro-ph/9805201.

S. Hawking and G. F. R. Ellis, (1973). The Large Scale Structure of Space-Time.
Cambridge: Cambridge University Press. ISBN 0-521-09906-4

S. Hawking, (1974). ”Black hole explosions?”. Nature 248 (5443): 30.

See for instance, C. Rovelli. Quantum Gravity. Cambridge University Press (2007),

and references therein.

M. J. Duff, (1981) in Quantum Gravity II: A Second Ozford Sympo-

sium(Oxford:Clarendon).

G. 'tHooft and M. Veltman. Annales de I'lLH.P. Section A, tome 20 (1974), page
69-94.

B. DeWitt. Physical Review. Vol 160 (1967), page 1113-1148.

M. T. Grisaru, P. van Nieuwenhuizen and J. A. M. Vermaseren. Physical Review
Letters. Vol 37 (1976), page 1662-1666.

R. Penrose and W. Rindler. Spinor and Space-Time, Spinor and Twistor Method in
Space-Time Geometry. Vol 2. Cambridge University Press (1988).

A. Connes. Noncommutative Geometry. Academic Press (1994).

46



[13] M.B. Green, J.H. Schwarz and E. Witten. Super String Theory. Vols 1,2. Cambridge
University Press (1987).

[14] J. Polchinski. Super String Theory. Vols 1,2. Cambridge University Press (1998).

[15] R. P. Feynman Feynman Lectures in Gravitation based on notes by F. B. Morinigo,
W. G. Wagner ed. by B. Hatfield. Addison-Wesley (1995)

[16] N.D. Birrel and P. C. W. Davies Quantum Fields in Curved Space Cambridge Mono-
graphs on Mathematical Physics (1982) page 5.

[17] J. Alfaro. arXiv:1006.5765v1 [gr-qc]. June 30, (2010).
[18] R.R. Caldwell. Physics Letters B. Vol 545 (2002), page 23-29.

[19] R. R. Caldwell, Marc Kamionkowski and Nevin N.Weinberg. Physical Review Let-
ters. Vol 91 (2003), 071301.

[20] S. Nojiri and S. D. Odintsov. Physics Letters B. Vol 562 (2003), page 147-152.

[21] J. M. Cline, S. Jeon and G. D. Moore. Physical Review D. Vol 70 (2004), 043543.
[22] G. W. Gibbons. arXiv:hep-th/0302199v1 (2008).

[23] P.I. Pronin and K. V. Stepanyantz. Nuclear Physics B. Vol 485 (1997), page 517-544.

[24] M. Lu and M. B. Wise. Physical Review D. Third series, Vol 47 (1993), page R3095-
R3098.

[25] A. Dobado and A. Lopez. Physics Letters B. Vol 316 (1993), page 250-256.

[26] A. Dobado and A. L. Maroto. Physical Review D. Vol 52 (1995), page 1895-1901.
[27] J.A. Cabrer and D. Espriu. Physics Letters B. Vol 663 (2008), page 361-366.

[28] T. Kugo and S. Uehara. Nuclear Physics B. Vol 197 (1982), page 378-384.

[29] L. F. Abbott. Acta Physica Polonica B. Vol 13 (1982), page 33-50.

[30] J. Alfaro and P. Labrana. Physical Review D. Vol 65 (2002), 045002.

[31] E.S. Abers and B.W. Lee. Gauge Theories. Physics Reports 9, No 1, page 99.

[32] P. Ramond. Field Theory: A Modern Primer. The Benjamin/Cummings Publishing
Company, INC. (1981). Section 3.4.

47



[33] P. Ramond. Field Theory: A Modern Primer. The Benjamin/Cummings Publishing
Company, INC. (1981). page 115.

[34] S. Weinberg. The Quantum Theory Fields. Vol 1I, Cambridge University Press
(1996), page 97.

[35] Anton E.M. van de Ven. Nuclear Physics B. Vol 378 (1992), page 309-366.
[36] J.A.M.Vermaseren New features of FORM. math-ph/0010025.

[37] P.G. Krastev, B. Li, Phys. Rev. C, vol. 76, Issue 5, id. 055804 (2007); P. Jofré, A.
Reisenegger, R. Ferndndez, Phys. Rev. Lett. vol. 97, Issue 13, id. 131102 (2006);
[.I.Shapiro, W.B. Smith, M.B. Ash, R.P. Ingalls and G.H. Pettengill, Phys. Rev.
Lett. Vol 26 (1971), page 27-30.

[38] E. Gaztanaga, E. Garcia-Berro, J. Isern, E. Bravo and I. Dominguez, Phys. Rev. D.
Vol 65 (2001), 023506.

[39] C.W. Misner, K.S. Thorne, J.A. Wheeler. Gravitation. W.H. Freeman and Company,
twenty third printing (2000), page 180.

[40] T. Kugo and I. Ojima. Supplement of the Progress of Theoretical Physics, No 66
(1979). See Chapter III.

[41] N. Boulanger, T. Damour, L. Gualtieri and M. Henneaux Inconsistency of interacting

multi-graviton theories Nucl.Phys. B597 (2001) 127-171

[42] N. Boulanger, T. Damour, L. Gualtieri and M. Henneaux Non consistent cross-
interactions for a collection of massless spin-2 fields hep-th/0009109 . hep-
th/0009109,IHES-P-00-62,ULG-TH-00-16.

[43] E. Witten, Lectures Notes on Supersymmetry, Trieste Lectures. July, (1981).

[44] S. J. Gates Jr., M.T. Grisaru, M. Rocek, W. Siegel, Superspace or One Thousand
and One Lessons in Supersymmetry, The Benjamin Cumming Publishing Company,
(1983) page 65.

48



