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The linear stability of a fluid bounded above by a free deformable surface is studied 
numerically. When the heat flux is fixed on the free surface and the lower surface is plane and 
isothermic, oscillatory instabilities, which may occur at lower values of the Rayleigh number 
than the critical value for the onset of steady convection, are found. 

I. INTRODUCTION 

In recent work,I-5 the convective stability of fluids 
bounded by a free deformable surface has been studied, in 
search of new instabilities. The most remarkable effect of 
allowing a more realistic boundary condition, as opposed to 
the simpler ideal stress-free boundaries, is that new oscilla
tory instabilities have been found. These instabilities are due 
exclusively to the correct free surface boundary condition 
and do not occur if the free surface is assumed to be plane. 
Previous work has dealt with the Benard problem of two 
nearly identical superimposed fluids, 1-3 with surface tension 
driven convection,4 which we shall refer to as Marangoni 
convection, and with the usual Rayleigh-Benard problem.5 

In this paper we shall study the existence of oscillatory insta
bilities in the combined Benard-Marangoni problem for a 
Boussinesq fluid bounded above by a deformable free sur
face. 

The linear problem of Benard-Marangoni convection 
without the inclusion of surface deflection was studied ini
tially by Nield6

; the nonlinear problem was treated by Cloot 
and Lebon.7 The effect of the surface deflection was first 
considered by Scriven and Sterling,8 only for the case of sur
face tension driven convection. Davis and Homsy9 later 
studied the effect of surface deflection on the combined Ben
ard-Marangoni problem and concluded that surface defor
mation stabilizes buoyancy driven convection and destabi
lizes surface tension driven convection. They did not 
attempt to look for oscillatory instabilities. Their study was 
extended by Castillo and Velarde,1O who generalized their 
results to two fluid layers. Experimental)) and numerical 12 

studies have been performed in order to relate the sign of 
surface deflection to the main source of convection. 

In this article we study numerically the linear stability 
theory and show that there are oscillatory instabilities that 
may occur at values of the Rayleigh number lower than the 
critical value for the onset of steady convection. Oscillatory 
instabilities are found when the fluid is heated from below 
and for a positive Marangoni number. Their occurrence is 
more common than was to be expected from the analysis of 
pure Marangoni convection in a semi-infinite layer of fluid, 
where oscillatory instability is predicted only for negative 
values of the Marangoni number.4 

II. MATHEMATICAL FORMULATION 

Let us consider a layer of fluid, which, at rest, lies be
tween z = ° and z = d. Upon it acts a gravitational field 
g = gz. The fluid is described by the Boussinesq equations 

V'v =0, 

dv V V2 Po - = - P + I-' v + FP, 
dt 

dT = KV2 T, 
dt 

P = Pol 1 - a( T - To)] , 

(1) 

(2) 

(3) 

(4) 

where d I dt = a I at + v'V is the convective derivative; p, T, 
P, and v denote the pressure, temperature, density, and fluid 
velocity, respectively. The quantities Po and To are reference 
values. The fluid properties, that is, its viscosity 1-', thermal 
diffusivity K, and coefficient of thermal expansion a, are con
stant. Furthermore, we restrict ourselves to two-dimension
al motion, so that v = (u,O,w). 

The fluid is bounded above by a free surface in contact 
with a passive gas, which exerts upon it a constant pressure 
P a' and below, by a plane surface. As motion sets in, the free 
surface is deformed; we shall write its position as 
z = d + 1/(x,t). The boundary conditions on the upper sur
face are7

•
9 

1/, + U1/x = w, (5) 

P - Po - (21-'IN 2
) [wz + Ux1/; 1/x (uz + wx )] 

-7'(1/xxIN3), (6) 

1-'0 1/;)(uz +wx ) +21-'1/x(wz -ux ) =N(7'x +1/x7'z), 
(7) 

on z = d + 1/. Here subscripts denote derivatives 

N = ~ 1 + 1/; and 7' is the surface tension, for which we 
adopt the simple linear form 

(8) 

where 7'0 is a constant reference value and r is its rate of 
change with temperature. For normal fluids, r is positive. 
We shall assume that the fluid is bounded below by a perfect 
thermal conductor and above by a perfect thermal insulator. 
The thermal boundary conditions are then T = const on 
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z = 0 and n-VT= F Ik onz = 1 + f/(x,t). Here Fis the 
normal heat flux and k the thermal conductivity. The unit 
vector n = ( - nx ,O,l)/N is normal to the free surface. 

Next the equations are linearized around the static solu
tion. We shall adopt d as unit of length, d 21 K as the unit of 
time, pod 3 as the unit of mass, and AT = Fd I k as the unit of 
temperature. Assuming that all perturbations evolve in time 
as ~t and in the horizontal variable as eiax 

, the equations for 
the perturbations reduce to 

(D 2 
- a2 )(D2 - a2 - A lu).,p(z) = iaRO(z) , (9) 

(D 2 
- a2 -A)O(Z) = ia.,p(z), (10) 

where O(z) is the amplitude of the temperature perturbation 
and .,p(z) is the amplitude of the streamfunction .,p(x,z,t) in 
terms of which the velocity is given by v = (.,p.,O, -.,px)' 
Here D denotes the derivative with respect to the vertical 
variable z. The dimensionless numbers that have appeared 
are the Prandtl number u = /1,/ PoK and the Rayleigh number 
R = PoI5ad 3 AT I Kit. The linearized boundary conditions are, 
onz= I, 

A(D 2 - 3a2 -Alu)D.,p- a2 (uG + a2/C).,p = 0, (II) 

(D 2 + a2).,p_ [Rr/(uG + a2/C) ](D 2 
- 3a2 -Alu)D.,p 

+ iaRrO = 0, (12) 

DO = o. (13) 

The dimensionless numbers that have appeared are the 
Capillary number C = JlKhod, r = r I PoI5ad 2, and the Gali
leo number G = gd 3p~/Jl2. The Marangoni number is given 
by M = r R; we have chosen to use r as an independent 
parameter instead of M. 

The boundary conditions on z = 0 are 

.,p = D.,p = 0 = 0, 

if it is rigid and 

.,p = D 2.,p = 0 0, 

if it is stress-free. 

(14) 

(15) 

Equations (9) and (10), subject to the boundary condi
tions (11 )-( 15), constitute the problem to be solved. 

III. NUMERICAL RESULTS 

The problem of finding the eigenvalues R and A of Eqs. 
(9) and (10), with the boundary conditions (11)-(15), can 
be reduced to finding the roots of a 6 X 6 determinant, which 
may be simplified to yield a combination of three-dimension
al vector products. Details are given in the Appendix. 

The eigenvalues A and R depend on a, u, r, and on the 
group (uG + a2/C). This term measures the degree of sur
face deformation. For infinite surface tension C = 0, the sur
face cannot be deformed; from Eqs. (11) and (12), we see 
that in this limit the boundary conditions reduce to the usual 
stress-free case. The same occurs when G goes to infinity. 
For numerical purposes, what is important is the group men
tioned above. For simplicity we have set lIC = 0 and u 1; 
the effect of surface deformation will be measured only by 
the value of G. We shall restrict ourselves to positive values 
of r that correspond to normal fluids. 

Let us first recall the main features of the marginal curve 
for the onset of steady convection. The critical Rayleigh 
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number is a decreasing function of r, both when the upper 
surface is ftat6 or deformable.9 In the case when it is allowed 
to be deformed, two regimes may be distinguished. When 
convection is mainly buoyancy driven, that is, for small r, 
surface deformation has a stabilizing effect, in the opposite 
case of surface tension driven convection (large r), surface 
deformation is destabilizing.9 As a first step and to check our 
numerical procedure, we reobtained the marginal curves for 
the onset of steady convection and found good agreement 
with known results. 

Now let us describe the results for the search of oscilla
tory instabilities. When the bottom surface is rigid, oversta
bility was found for sufficiently large surface deformation 
and for large values of r (Figs. 1 and 2). In the parameter 
range explored the critical Rayleigh number for the onset of 
oscillations is higher than the corresponding value for the 
onset of steady convection. The critical Rayleigh number for 
overstability decreases with r, which indicates that the driv
ing mechanism is surface tension. It is possible to decrease 
arbitrarily the Rayleigh number by decreasing G, but this 
violates the condition for the validity of the Boussinesq ap
proximation R < uG. To sum up, when the bottom surface is 
rigid, steady convection occurs at a lower temperature gradi
ent than oscillatory convection. When the bottom surface is 
stress-free, oscillatory instability is found for both small and 
large values of r. As in the previous case of a rigid bottom, an 
oscillatory instability with the same qualitative features de
scribed above is present (Figs. 3 and 4). Here too, if one 
remains within the range of validity of the Boussinesq ap
proximation, the critical Rayleigh number for the onset of 
oscillations is higher that the corresponding value for the 
onset of steady convection. When convection is mainly 
buoyancy driven, that is, for small values of r, an additional 
oscillatory instability is found that has zero critical wave
number. The critical Rayleigh number for this instability 
depends only on r, and for sufficiently low values of it is 
lower than the critical value for the onset of steady convec
tion (Fig. 5). Surface tension is stabilizing (Fig. 6), which 
shows that the driving mechanism for this instability is 
buoyancy alone, with a result expected, since it is found even 
when r 0.5 The critical Rayleigh number for overstability 
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FIG. L Marginal curves, for overstability, for r = 1.8 and different values 
of G. The lower surface is rigid. The dashed lines in all figures correspond to 
the exchange of stabilities. 
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FIG. 2. Marginal curves, for overstability, for G = 150. The lower surface is 
rigid. 

is lower than its value for steady convection for values of r 
up to about 0.3, the precise value depends on G, since the 
critical Rayleigh number for steady convection depends on 
G. Here, the critical value of R, found numerically, is in 
agreement with what the asymptotic calculation, which we 
give next, yields. 

IV. LONG WAVELENGTH ASYMPTOTIC SOLUTION 

A long wavelength asymptotic solution to Eqs. (9)
( 13) can be obtained performing an expansion in the modu
lus of the wavenumber, lal, which we shall consider a small 
parameter. For simplicity we shall write lal = E, where Eis a 
small positive parameter. It is convenient to eliminate the 
temperature variable B(z), in which case the problem re
duces to the solution of a sixth-order differential equation for 
l{1(z) with two eigenvalues. The eigenvalues will be deter
mined as functions ofthe parameters r, u, G, and C, which 
we take to be of order 1. Next, let us introduce the expansions 

l{1(z) = l{1o(z) + El{1J (z) + €ll{1z(z) + "', 
R = Ro + €lRI + E4R z + "', 
A- = E(A-o + €lA-I + ~A-2 + ... ), 

and solve the equations to each order in E. 

250.0 ..---------~------, 

187.5[ 

I 

~I::::\ g 
1-<\", .... _----"'/ G= 1 00 

O.O>...l ---~---~--~----" 
0.0 2.5 5.0 7.5 10.0 

a 
FIG. 3. Marginal curves, for overstability, for r = 2.5. The lower surface is 
free. 
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FIG. 4. Marginal curves, for overstability, for G = 200. The lower surface is 
free. 
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FIG. 5. The marginal curve, for the long wavelength oscillatory instability, 
for r = 0.2. The lower surface is free. 
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FIG. 6. The marginal stability curve for G = 500. The critical value, when 
r = 0.2, is 60 and, when r = 0.3, it is 120. The lower surface is free. 
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In leading order, we find that tPo is the solution of 

D6tPo=0, (16) 

subject to 

D2tPo + r D4tPo = 0, 

D3tPo = 0, 

D5tPo = 0, 

(17a) 

(17b) 

(17c) 

on z = 1 and tPo = D 2tPo = D 4tPO = 0 on z = O. The solution 
is tPo = Az, where A is an arbitrary constant. In the next 
order we find that 

(18) 

and the boundary conditions on z = 1 are now 

D2tPi + r D4tPi - (rRoIAo)tPo - (Aor/u)D2tPo = 0, 
(19a) 

AOD3tPi - (A~/u)DtPo - uGtPo = 0, (19b) 

(19c) 

and,onz = 0, tPl = D2tPi = D4tPi = O. This system has solu
tion only if Ao = ± kilo, where 

(20) 

and the solution for tPl is tPl(Z) = (ArRoI6Ao)~. In the 
next order, we must solve 

(21) 

subject to 

D2tP2 + r D4tP2 - (rRoIAo)tPl - (Aor/u)D2tPl = 0, 
(22a) 

AOD3tP2 - 3AoDtPo - (A ~/u)DtPl - UGtPl = 0, 

D5tP2 - (AoIu)D3tPl = 0, 

(22b) 

(22c) 

onz = 1,andtP2 = D2tP2 = D4tP2 = Oonz = O. Thesolvabil
ity condition in this order determines the critical value of the 
Rayleigh number, which is 

Ro = 30/(1 - ~n. (23) 

In the next two orders, corrections to the critical frequency 
and Rayleigh number are found; we do not give them as they 
have no qualitative effect. The frequency of oscillation 

w = ~u(uG - r~o) must be real; this implies a constraint 
on the admissable values of R; for normal fluids this is R < R, 
where R = uG Ir. If we demand Ro < R, we find that this 
instability is present in fluids with a value of r.;;; r max = uG 1 
(30 + 5uG 12) and Ro will always be positive. The asympto
tic and numerical results given above are in good agreement. 
We recall that when r = 0, the critical Rayleigh number for 
the onset of steady convection is 384.7,13 and its value de
creases continuously as r increases. Here, when r = 0, the 
critical value for the onset of oscillations is Ro = 30 and it 
increases continuously with r. Thus, for sufficiently low val
ues of r, the oscillatory instability occurs at values of the 
Rayleigh number lower than the critical value for the ex
change of stabilities. 

In order to obtain a clear picture of the fluid motion, 
consider the eigenfunctions. The streamfunction tP is given 
in leading order by tP(x,z,t) = Azeiax~t with A = ± iw. The 
simplest solution consists of standing waves that are con-

1126 Phys. Fluids A, Vol. 1, No.7, July 1989 

structed by superposition; 

tP = !Az(ei(ax-wt) + ei(ax + wt) + c.c.) 

= Az cos ax cos wt . 

The velocity of the fluid is then given by v 
= A cos wt( cos aX,O,az sin ax). The surface displacement 

obtained from the linearized boundary condition given in 
Eq. (5) is in leading order, 

ll(x,t) = (A Iw)sin ax sin wt. 

At any instant the horizontal velocity in each cell is indepen
dent of z, its direction oscillates with time. Therefore the 
motion of the fluid does not consist of closed loops, but rath
er of up and down oscillations. The surface is deformed fol
lowing the motion of the fluid. This shows that the long wave 
instability corresponds to gravity waves. The frequency, 
when r = 0, in terms of dimensional quantities, is given by 

k~ gd, where k is the wavenumber; this corresponds to the 
usual shallow water wave frequency. 

v. SUMMARY AND CONCLUSIONS 

We have studied numerically the linear stability theory 
of a layer of fluid bounded above by a free deformable sur
face, on which the normal heat flux is fixed, and below by a 
plane surface, on which the temperature is constant. Our 
main purpose was to determine the effect of surface deforma
tion on the linear stability of normal fluids, that is, fluids for 
which surface tension is a decreasing function of tempera
ture. We found oscillatory instabilities that do not occur 
when the upper surface is free but undeformable. Two types 
of instabilities occur; the first one corresponds to a finite 
wavenumber instability, which is mainly driven by surface 
tension. This instability was not predicted by an analytic 
treatment of surface tension driven convection in a semi
infinite fluid in which oscillatory instability was found only 
for values of r < 0 (see Ref. 4); we attribute this to the fact 
that the thermal boundary condition in the lower surface is 
an important factor for the existence of oscillatory instabili
ties in the presence of a free surface5 and its effect is not taken 
into account, assuming a semi-infinite layer of fluid. The 
second instability is found only when the bottom surface is 
free but plane, the critical wavenumber for this instability is 
zero and the critical Rayleigh number depends only on r. 
This instability, which may be found at lower values of R 
than steady convection, is driven by buoyancy alone; an 
asymptotic analysis permits us to identify this mode with 
gravity waves; surface tension has a stabilizing action on it. 
Finally, we conclude that the use of the full boundary condi
tions leads to new instabilities, which do not exist when the 
idealized stress-free boundary conditions are employed. 
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APPENDIX: FORMULAS FOR THE DETERMINANTS 

The solution to Eqs. (9) and (10), subject to boundary 
conditions (11 )-( 15), is obtained as follows. The tempera
ture variable is eliminated to yield an equation for tP, 
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(D 2 a2 A)(D2-a2-A/U)(D2-a2 )t/J=0, 
(Al) 

subject to the boundary conditions 

(D 2 - a2
) (D 2 

- a2 
- A /u)Dt/J = 0, (A2) 

A(D 2 - 3a2 A /u)Dt/J - a2(uG + a2/C>t/J = 0, (A3) 

and 

(D 2 + a2)t/J 

+r(D 2 
[rR /(uG + a2/C)] (D 2 

- 3a2 
- A /u)Dt/J 

a2)(D2-a2 -A/u)t/J=0, (A4) 

on Z = 1. On the bottom surface, at Z = 0, the boundary con
ditions are 

(D 2 a2)(D2-a2-A/u)t/J=0, 

and either 

t/J=Dt/J 0, 

for a rigid surface or 

t/J=D 2t/J 0, 

for a free plane surface. 
The solution for t/J may be written as 

3 

t/J = L [A; sinh(ajz) + Rj cosh(ajz)] , 
;= I 

(A5) 

(A6) 

(A7) 

where the a;'s are the three different roots of 
(a2 _ a2 A)(a2 

- a2 - A /u)(a2 - a2) + Ra2 = 0. The 
six boundary conditions for t/J provide six homogeneous 
equations to determine the coefficients A; and R j • The sys
tem has a nontrivial solution ifthe determinant of the coeffi
cients vanish; this is the characteristic equation from which 
the eigenvalues A and R are obtained. 

If the bottom surface is free, the determinant can be 
written as 

Df = [grh] , 

where [grh] denotes the box product go(rXh). Here 
g = [g(al ),g(a2),g(a3 )]; the same notation is used foroth
er vectors. If the lower bottom is rigid, then the determinant 
may be reduced to 

Dr = [pnr] [ahr] + [snr] [aghJ + [l n r] [arg] , 

1127 Phys. Fluids A, Vol. 1, No.7, July 1989 

where the following definitions have been made: 

ex = (a l,a2,a3 ), n = (1,1,1), 

rea) = a 2 (a2 
- 2a2 

- A /u), 

g(a) = [(a2 + a2
) + r(a2 

- a2) (a2 - a2 - A /u)] 

xsinh(a) - rRa[(a2 - 3a2 -A/U)/ 

(uG + a2/C) ]cosh(a) , 

heal = A(a2 
- 3a2 - A /u)a cosh(a) 

- a2 (uG + a2/C) sinh (a) , 

lea) = A(a2 
- 3a2 

- A /u)a sinh(a) 

- a2(uG + a2/C)cosh(a), 

pea) = [(a2 + a2) + r(a2 - a2
) (a2 

- a2 A /u)] 

Xcosh(a) - rRa[ (a2 - 3a2 
- A /u)/ 

(uG + a2/C) ]sinh(a), 

rea) = a(a2 - a2
) (a2 - a2 

- A /u)cosh(a), 

sea) = a(a2 - a2) (a2 - a2 - A /u)sinh(a). 

The eigenvalues A and R are obtained by either solving 
Df=OorD, =0. 
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