Classification of the solutions of semilinear elliptic problems in a ball.

Rafael D. Benguria^1 Jean Dolbeault^2 & Maria J. Esteban Departamento de Física Ceremade (UMR CNRS 7534) P. U. Católica de Chile Université Paris IX-Dauphine Casilla 306 Place Maréchal Lattre de Tassigny Santiago 22 (Chile) 75775 Paris Cedex 16 (France)

Abstract

In this paper we fully describe the set of the positive and nodal (regular and singular) radial solutions of the superlinear elliptic P.D.E.

−Δu = λu + |u|^{p−1} u in B_1, u = 0 on ∂B_1, p > 1 , (1)

without restriction on the range of λ ∈ IR . Here, B_1 is the unit ball in IR^N .

More precisely, in all subcritical, critical and supercritical cases, we analyze the possible singularities of radial solutions at the origin and the number of bounded and unbounded solutions. The solutions will be of three different types : bounded with a finite number of zeroes in (0, 1), singular at the origin, still with a finite number of zeroes and singular with sign changing oscillations at the origin.

AMS Subject Classification : 35J60, 35B05, 35P30, 34C23, 34C15, 70K10. Keywords and Phrases : Nodal solutions, oscillatory solutions,

multiplicity, branches, bifurcations, critical exponent, Pohozaev’s identity, semilinear elliptic equations, removable singularities.

1 Partially supported by Fondecyt (Chile), project # 199–00427, a John Simon Guggengeim Memorial Fellowship and Cátedra Presidencial en Ciencias (Chile).

2 Partially supported by ECOS-CONYCIT under contrat no. C95E02.

1 Introduction

Problem (1) has been extensively studied in the past twenty years. However, most of the work has been done for classical (bounded) solutions and mainly for positive solutions only. The critical case especially, p_N = (N +2)/(N −2), has received a lot of attention.

It is the aim of this paper to study all the distributional radial solutions of (1). In addition to all the bounded solutions, for any p and λ, there exist solutions which are singular at the origin and there is even an uncountable number of such solutions. Among the singular solutions, we may distinguish those who have a fixed sign near the origin and those which are oscillating near the origin (with sign changing oscillations). In all cases, 1 < p < p_N , p = p_N and p > p_N , we will describe the entire solution set, putting an emphasis on its structure.

For all p > 1, the existence of branches of bounded solutions with a given number of zeroes is well known. For the construction of the branches one may for instance refer to [29]. In the subcritical case, 1 < p < p_N , precise information about the branches of solutions may be found in [5] in dimension N = 1, and in [13], [20], [32] and [19] in any dimension. For some p’s, the existence of singular positive solutions was also given in [23], Rem. 3.1.

In this paper we prove that when 1 < p < p_N , all radial solutions of (1) have a finite number of zeroes. Moreover, for 1 < p < N/(N − 2), all the solutions of (1) are bounded. On the contrary, when N/(N − 2) ≤ p < p_N , appart from the bounded solutions, there is also an uncountable number of unbounded solutions with any given number of zeroes. The behavior of the solutions at the singularity is well known (this question was already discussed in [18], [21], [22]; see also [6], [25], [23]).

In the critical case, p = p_N , the non existence of bounded solutions for all λ ≤ 0 follows from Pohozaev’s identity [28]. Brezis and Nirenberg [7] proved that nontrivial positive bounded solutions only exist in the interval (μ_1, λ_1), where μ_1 = λ_1/4 for N = 3 and μ_1 = 0 for all N ≥ 4. The articles by Atkinson, Brezis and Peletier ([2], [3]) describe the set of bounded solutions for a given number of zeroes in the interval (0, 1) (see also [8]). In particular, they prove that nontrivial bounded solution with k nodes exist only in some interval (μ̃_k, λ_k), where 0 ≤ μ̃_k < λ_k. [14] provided the existence of bounded solutions for λ near all the eigenvalues of the Laplacian. In [15] was established the existence of at least one bounded solution in the interval (0, λ_1) if N ≥ 6 and in [12], the existence of a bounded solution for any λ ≥ 0 if N ≥ 6. Cerami, Solimini and Struwe proved in [14] that for N ≥ 7, there exists an infinity of H^1_0 -radial solutions to (1) for all λ > 0. In [2], [3] and [4] we find an extensive list of qualitative results in dimensions N = 3, 4, 5, 6, and in [1], an elementary proof of a nonexistence result (based on Pohozaev’s identity). In Appendix A, we present a computation in that direction in dimension N = 3 which is optimal. Other results on the existence and the behavior of non necessarily radially symmetric solutions of (1) can be found for instance in [30], [33], [34] and [17].

Here, we systematically describe the structure of the set of the radial solutions in the critical case, including the solutions which are oscillating near the origin and have an infinite number of zeroes. We reduce the problem to the analysis of a related asymptotic dynamical system and prove that for λ outside the union of a countable number of intervals (including λ ≤ 0), all solutions are sign changing, oscillating and singular near the origin. Moreover, in the interior of those intervals, appart from bounded solutions with a given number of zeroes, there are oscillating solutions and singular solutions with a finite number of zeroes. Finally, we show that for a given λ either all the solutions of (1) are singular and oscillating, or the three classes of solutions (bounded, unbounded with a finite number of zeroes and unbounded oscillating) coexist.

In the supercritical case, p > p_N , Merle and Peletier proved in [26] (see also [27]) that there is a unique value of λ, namely λ = λ^∗ < λ_1 (which is the asymptotic value of the branch) for which there is an unbouded solution of (1). Moreover, there are bounded positive solutions for λ in the interval (λ^∗, λ_1). Formal expansions of the branch in the limit of the L^∞- norm growing to +∞ have been given by Budd and Norbury [10]. The computations in [10] seem to indicate that bounded positive solutions of (1) exist in an interval (λ̄, λ_1), with 0 < λ̄ < λ^∗. Other results about the supercritical case can be found in [11, 9].

In this paper, we prove the existence of an uncountable number of oscillating solutions for all λ and furthermore, we describe the solution set of (1). Let us finally note that in the case N/(N − 2) < p < 3N/(N − 2), the singularities at the origin of solutions of (1) in B_1 \ {0} can be removed easily. But for p ≥ 3N/(N − 2) , the oscillating solutions are not in L^p_{loc}(B_1) anymore and in order to say that they are solutions of (1), we have to define explicitely what we mean by the distribution |u|^{p−1}u . The rigth way to tackle this problem is to consider a natural extension of |u|^{p−1}u which is defined by means of the principal value distribution.

Let us note that in [31], Serrin and Zou fully describe the set of positive radial solutions of −Δu = λu + |u|^{p−1}u in IR \ {0}. Some of the arguments used in [31] are close to ours, but the fact that we are looking for solutions on (0, 1) or in H^1_0 (B) allows us to introduce new tools for the description of the singularity.

The paper is organized as follows. Section 2 is devoted to the proof of several technical auxiliary results. The critical case is studied in Section 3 and in Sections 4 and 5, we discuss the subcritical and supercritical cases. Our results hold for λ ∈ IR, without further restriction on the range of λ. Finally, in Appendix A we present an alternative proof of a nonexistence result proved in [7] and Appendix B contains all the figures.

Notations. For any function f, defined in IR, f^′ denotes its derivative. Also, all throughout this paper, we will write undistinctly u(x) and u(r), r = |x| , for any radially symmetric function u defined in IR^N or in B_1 := {x ∈ IR^N : |x| < 1}. 2 Auxiliary and technical results

In this section, we prove preliminary results for (1) with p > 1. Results which are specific to the supercritical case can be found at the beginning of Section 5. The equation (1) is supposed to be satisfied in the weak sense : in D^′(B_1), or even in a weaker sense (see Section 5, about the supercritical case). Any radial solution of (1) is a solution of −u^{′′} − (N − 1) r u^′ = λu + |u|^{p−1}u in (0, 1) , u(1) = 0. (2)

On the contrary, any solution of (2) is a solution of (1) if u is not too singular at the origin. More precisely, if for some solution u of (2), the integrals ∫ Bε ∇u · ∇φ dx and ∫ Bε |u|^{p−1}uφ dx are small for small ε and if lim_{ε→0} ε^{N−1} |u^′(ε)| = 0, then u is a distributional solution of (1) :

Lemma 2.1 Let u be a solution of (2) such that

lim sup r→0 r^a | log r|^b |u(r)| < +∞, lim sup_{r→0} r^{a+1} | log r|^c |u^′(r)| < +∞ .

u is a distributional solution of (1) if the following conditions are satisfied :

• a ≤ min(N − 2, N/p) , • if a = N − 2, then c > 0, • if a = N/p, then bp > 1.

For more precise and general results on this subject, see for instance [6], [25], [23]. On the other hand, note also that any bounded solution of (1) is smooth in B_1, as it can be seen by an easy bootstrap argument.

Consider the radial problem in the whole space (with λ = 1). Lemma 2.2 Let N ≥ 3, p = (N + 2)/(N − 2) , a > 0 and let v be the solution of −v^{′′} − (N − 1) r v^′ = v + |v|^{p−1}v in (0, +∞) , v(0) = a , v^′(0) = 0 . (3) Then, v has an infinite number of zeroes in (0, +∞) . Proof. Performing the following change of variables : v(r) = r^{−2/(p−1)}w(s) , s = − log r , (4) one easily sees that v is a solution of (3) if and only if w is a solution of −w^{′′} = |w|^{p−1}w − (N − 2)^2 4 w + e^{−2s}w (5) in (−∞, +∞). Now, when s is negative, with |s| large enough, w^{′′} has the sign of −w :

if w did not change sign in an interval (−∞, −s_0), w should be bounded away from 0, which in view of (5) is clearly impossible. Hence w has a sequence of zeroes going to −∞. ⊔⊓ Lemma 2.3 Let N ≥ 3, p > 1 and v be the solution of (3). If for some r_0 ≥ 0, v^′(r_0) = 0, then |v(r)| ≤ |v(r_0)| for all r ≥ r_0 .

Proof. Let 0 ≤ a < b < +∞ be two critical points of v. We multiply the equation in (3) by v^′ and integrate on (a, b) to get − ∫ b a N − 1 r |v^′(r)|^2 dr = F (v(b)) − F (v(a)) , with F (t) = |t|^2/2 + |t|^{p+1}/(p + 1). Clearly, F (v(b)) < F (v(a)). ⊔⊓

Remark 2.4 The above result also holds for solutions of (1), for all λ. Indeed, for λ ≥ 0, the proof is the same. When λ < 0, the argument used above still holds. Indeed, notice that the only points r̄ > r_0 which have to be taken into account are those for which u^′(r̄) = 0, ( λ + |u(r̄)|^{p−1} ) ≥ 0.

Next we describe how to relate (3) to (2). The proof of the following lemma follows from a straightforward computation.

Lemma 2.5 Let v be a solution of −v^{′′} − (N − 1) r v^′ = μv + |v|^{p−1}v in (0, r_0) , v(r_0) = 0 . (6)

Then, u(·) = r^{2/(p−1)}_0 v(r_0 ·) is a solution of (2) with λ = μr^2_0.

Reciprocally, to any solution u of (2) corresponds a solution v of (6) with μ = 1. If moreover u is bounded, then there exists a unique a ∈ IR such that v(0) = a.

Let us now consider the solution of (3), v, and its sequence of nodes 0 < r_1(a) < . . . < r_k(a) < . . . . Then, by Lemma 2.5, for every k ≥ 1, u_{k,a}(r) = (r_k(a))^{2/(p−1)}v(r_k(a)r) is a solution of (2) with λ = λ_k(a) := r_k(a)^2 and u_{k,a} has k − 1 nodes in the interval (0, 1). Let us finally denote by c_k(a) the value of u_{k,a} at 0. Obviously, c_k(a) = a r_k(a)^{2/(p−1)}.

Definition 2.6 For every i ≥ 1 we denote by λ_i the i-th eigenvalue of the operator −Δ when acting on

H^1_{0,r}(B_1) := {u ∈ H^1_0 (B_1) ; u is radially symmetric }.

Remark 2.7 In the case of the critical exponent p = (N + 2)/(N − 2) , several results due to Atkinson and Peletier [4] and Atkinson, Brezis and Peletier [3] (see also [7]) yield the following qualitative information about the functions introduced above :

• As a = v(0) → 0, r_i(a)^2 → λ_i (with λ_i = (iπ)^2 if N = 3).

• As a = v(0) → +∞, r_i(a)^2 → μ_i , where μ_i ∈ [0, λ_i). Moreover, more precise information is available for 3 ≤ N ≤ 6 : when N = 3, μ_i = (i − (1/2))^2π^2. When N = 4, 5, μ_i = λ_{i−1} for i ≥ 2 and μ_1 = 0. Finally, when N = 6, μ_1 = 0 and for i ≥ 2, μ_i ∈ [0, λ_{i−1}).

The comparison of the bounded solutions with the eigenfunctions of linear eigenvalue problems provides several useful informations. The crucial points are summarized in the

Lemma 2.8 Let N ≥ 3 and consider a bounded solution of −u^{′′} − N − 1 r u^′ = λu + |u|^{p−1}u in (0, 1)

such that u^′(0) = 0, u(0) = u_0 > 0 and u(1) = 0. Let r_1 = inf{r ∈]0, 1] : u(r) = 0}. Then r^2_1 ≥

2u_0 u^p_0 + λ_+u_0

. (7)

If u changes sign (k − 1) times, then λ < λ_k and

u_0 ≥ ( λ_k − λ ) 1_{p−1} . (8)

As a consequence, if k_0 = min{k ∈ IN : λ_k > λ}, then

u_0 ≥ ( λ_{k0} − λ ) 1_{p−1} . Reciprocally, bounded solutions with k − 1 zeroes exist for any λ < λ_k if p <^{N+2}_{N−2} , and for any λ < λ_k, close enough to λ_k, if p ≥^{N+2}_{N−2} .

Proof. Let r̄ ∈ [0, r_1) be such that u^′(r̄) = 0, u^′ < 0 on (r̄, r_1). For any r ∈ [r̄, r_1], −u^{′′}(r) ≤ (u^p + λu)(r) ≤ u^p_1 + λ_+ u_1 , u_1 := u(r̄) , thus giving u(r) ≥ u_1 − (u^p_1 + λ_+ u_1) r^2 2 . (7) follows from u(r_1) = 0 and Remark 2.4, which implies u_1 ≤ u_0. On the other hand, u is the unique solution of −v^{′′} − N − 1 r v^′ = (λ_k(ϵ) + ϵ|u|^{p−1})v , v(0) = u_0 , v^′(0) = 0 , v(1) = 0 changing sign k − 1 times with ϵ = 1 and λ_k(1) = λ. Since λ_k(ϵ) is a decreasing function of ϵ ∈ (0, 1),

λ_k(1) < λ_k(0) = λ_k .

For the same reason, 1 is the k^{th} eigenvalue of the linear eigenvalue problem with weight λ + |u|^{p−1}, which, by Remark 2.4, is bigger than the k^{th} eigenvalue μ_k of the linear eigenvalue problem with weight λ + |u_0|^{p−1}. But μ_k(λ + |u_0|^{p−1}) = λ_k, thus proving that λ + |u_0|^{p−1} > λ_k, which gives (8).

The existence results for λ < λ_k follow from classical results (see for instance [29], [5], [13], [20], [32], [19]; [7], [3], [4] in the critical case; [26] in the supercritical case).

In order to analyze the behavior of all the solutions of (2), we introduce the following problem : −u^{′′} − (N − 1) r u^′ = λu + |u|^{p−1}u in (0, 1) , u(1) = 0 , u^′(1) = −γ, (9) where γ > 0. Obviously, up to a change of sign, any solution of (2) is a solution of (9) for an appropriate value of γ. Throughout this paper, we will denote by u_γ the solution of (9).

Consider the change of variables introduced in (4) :

u(r) = r^{−2/(p−1)}w(s) , s = − log r . (10)

It is straightforward to see that u is a solution of (9) if and only if w is a solution of w^{′′} + ( 4 p−1 − N + 2 ) w^′ + |w|^{p−1}w +^2_{(p−1)2} ( (p + 1) − (N − 1)(p − 1) ) w + λe^{−2s}w = 0 in (0, +∞) ,

w(0) = 0 , w^′(0) = −u^′(1) = γ , (11) and, when necessary, we will denote by w_γ the solution of (11).

The relationship between the solutions of (11) and those of the autonomous problem w^{′′} + ( 4 p−1 − N + 2 ) w^′ + |w|^{p−1}w +^2_{(p−1)2} ( (p + 1) − (N − 1)(p − 1) ) w = 0 in (0, +∞) ,

w(0) = 0 , w^′(0) = −u^′(1) = γ ,

(12) is given by classical theorems of O.D.E. theory : for s large, the solution of (12) behaves like a solution of the autonomous O.D.E. Let us show this result in a more general setting :

Lemma 2.9 Let b, c ∈ IR, p > 1 and g ∈ C^1(0, +∞) be a function such that |b| + |c| > 0, lim_{s→+∞} g(s) = 0 and g^′ ∈ L^1(1, +∞). If w ∈ L^∞(0, +∞) is a solution of the equation

w^{′′} + bw^′ + cw + |w|^{p−1}w + g(s)w = 0 in IR^+ , (13)

then there exists a function w̃ solution of

w^{′′} + bw^′ + cw + |w|^{p−1}w = 0 in IR^+ , (14)

such that lim s→+∞ |w(s) − w̃(s)| + | |w′(s) − w̃′(s) | | = 0 . (15)

Moreover, if we define the ’energy’ functional E[w] by

E[w] := |w^′|^2 2 + c |w|^2 2 + |w|^{p+1} p + 1

then, E[w̃](·) is constant in IR^+ and the function w̃ is periodic.

Remark 2.10 Note that when b ≠ 0 , the only periodic solutions of (14) are constant functions, corresponding to critical points of w →^c_2 |w|^2 + 1 p+1 |w|^{p+1}. On the other hand, when b = 0 the equation (14) has non constant periodic solutions.

Proof of Lemma 2.9 By (13), for all 0 ≤ s_1 < s_2 < +∞ we have

E[w](s_2) − E[w](s_1) (16) = − ∫ s_2 s_1 b |w^′(s)|^2ds + 1 2 ∫ s_2 s_1 g^′(s)|w(s)|^2ds − 1 2 g(s_2)|w(s_2)|^2+ 1 2 g(s_1)|w(s_1)|^2.

Hence, under our assumptions, the function s → E[w](s) has a limit E as s → +∞. Therefore, the function w^′ is also in L^∞(0, +∞).

Let us now define a sequence of continuous functions w_n by w_n(·) = w(n + ·) . From (13), the functions w_n, w^′_n, and w^{′′}_n are uniformly bounded in (0, +∞). Then, by using Ascoli’s theorem, we find a function w̃, solution of (14), such that for any fixed d > 1, we have lim_{n→+∞} ‖w_n − w̃‖_{W 1,∞(0,d)}= 0 , and for all s ∈ (0, d),

E = lim_{n→+∞} E[w_n](s) = E[w̃](s) .

By classical O.D.E. results, all the solutions of (14) which have constant ’energy’ E in some non empty interval are periodic functions. w̃ is therefore unique up to translation, which proves (15). ⊔⊓ When in the above lemma, w̃ ≡ 0 , a more precise description of the asymptotic behavior of w is given by the following lemma.

Lemma 2.11 Under the assumptions of Lemma 2.9, if w̃ ≡ 0 and b^2 > 4c, there exist two constants, C_1, C_2 such that for large s_0, s, with s_0 < s → +∞,

w(s) ∼ C_1w(s_0)e ∫_s s0 ν_1(τ) dτ + C_2w(s_0)e ∫_s s0 ν_2(τ) dτ , (17)

where ν_1(s) ≤ ν_2(s) are the two roots of the equation

ν^2 + bν + ( c + |w(s)|^{p−1} ) = 0 .

Proof. When w̃ ≡ 0, w(s) does not change sign for s large. Indeed, assume that for a < b large enough, w(a) = w(b) = 0 and w > 0 in (a, b). Then, w satisfies (pw^′)^′ + pqw = 0, in (a, b), w(a) = w(b) = 0, (18) with p(s) = exp (bs), q(s) = c + |w(s)|^{p−1} + g(s). As s is large, q(s) ≤ c + δ, for some δ small. Let v be a positive solution of (pv^′)^′ + p(c + δ)v = 0 in (1, +∞). We have : 0 ≤ ∫ b a p(s)(c + δ − q(s))v(s)w(s) ds = ∫ b a ( (pw^′)^′v − (pv^′)^′w ) ds = p(b)w^′(b)v(b) − p(a)w^′(a)v(a) < 0, (19) a contradiction. Hence, w cannot change sign near infinity. Since equation (13) can be written as w^{′′}(s)+bw(s)+(c + V (s) + R(s)) w = 0, with V^′, R ∈ L^1(1, +∞), this enables us to use a general O.D.E. result like Theorem 8.1, page 92, in [16] to prove (17). ⊔⊓

Remark 2.12 The above result and some straightforward computations show in fact that if b ≥ 0 and c < 0, C_2 must be equal to 0 in (17), since in this case ν_2(∞) > 0, but w is bounded. If b > 0, and 0 < c < b^2/4, w(s) is either equivalent to Ce^{ν1(∞)s} or to Ce^{ν2(∞)s} , with C ≠ 0. Finally, if b > 0, c = 0, then w(s) is equivalent either to Ce^{−bs} with C ≠ 0, or to C_0s^{−1/(p−1)}, with C_0 = (b/(p − 1))^{1p−1} .

In the rest of this section, we will only be interested in the critical exponent p = (N + 2)/(N − 2) . Note that in this case, the factor of w^′ in (11), 4 p−1 − N + 2, cancels, so that w is a solution of { −w^{′′} = |w|^{4N−2} w −^{(N−2)2}_4 w + λe^{−2s}w in (0, +∞) , w(0) = 0 , w^′(0) = −u^′(1) = γ ,

(20)

The asymptotic problem −w^{′′} = |w|^{4N−2} w − (N − 2)^2 4 w in (0, +∞) (21)

will play an important role in the analysis of the solution set for (20). All the solutions of (21) are periodic and can be either

(i) positive or negative, but not constant, or (ii) sign changing, or (iii) w ≡ 0, or

(iv) w ≡ ± ( (N−2)^2 4 ) N−2_4 . The above classification of all the solutions of (21) can be made with the help of the following ’energy’ functional, E[w] = 1 2 |w^′|^2 + N − 2 2N |w|^{2NN−2} − (N − 2)^2 8 |w|^2 . (22)

Indeed, for any solution of (21), E[w](s) is constant in s. Moreover, the positive and negative solutions of (21) are those having negative ’energy’. w ≡ 0 has zero ’energy’ and the solutions with positive ’energy’ E change sign an infinity number of times at infinity.

As we shall prove below, the use of the functional E enables us to prove that for all γ > 0, w_γ is a bounded function in (0, ∞) :

Lemma 2.13 Let N ≥ 3, λ ≥ 0, p = (N + 2)/(N − 2) . For any γ > 0, for any s > 0, E[w_γ ](s) ≤ E[w_γ](0) = γ^2/2 . Therefore, the functions w_γ and w^′_γ are bounded in (0, +∞), independently of λ.

Proof. This results follows immediately from the identity : for all 0 ≤ s_1 < s_2 < +∞, and for any solution w of (20),

E[w](s_2)−E[w](s_1)=−λ ∫ s_2 s_1 w^2(s)e^{−2s}ds − λw^2(s_2) 2 e^{−2s2} + λw^2(s_1) 2 e^{−2s1} . (23) ⊔⊓ The above lemma does not hold when λ < 0, but in this case, the functions w_γ are still bounded :

Lemma 2.14 Let N ≥ 3, λ < 0, p = (N + 2)/(N − 2) . For any γ > 0, the functions w_γ and w^′_γ are bounded on (0, +∞), independently of λ, and they are sign changing and periodic near infinity.

Proof. Since for all s > 0,^d_{ds} (E[w](s)) = |λ|e^{−2s}w(s)w^′(s), either w = w_γ is oscillatory and sign changing at infinity or w does not change sign as s → +∞ and lim_{s→+∞} w(s) = 0, or w does not change sign as s → +∞ and lim s→+∞ w(s) = ±∞. The latter can be excluded easily by just looking at

equation (21), since in that case, w^{′′}(s) would approach ∓∞, which is incompatible with ±w^′ > 0. In the case lim_{s→+∞} w(s) = 0, ±w(s) > 0 for

s large enough, Lemma 2.11 shows that ±w(s) ∼ exp (−^1_2 (N − 2) s) as s → +∞ and u is therefore a bounded function, which is impossible for λ < 0 by Pohozaev’s identity.

Hence, w is oscillatory and sign changing at infinity. If w were not bounded, it would be possible to find c_n such that lim_{n→+∞} E[w](c_n) = +∞ and w(c_n) = max_{(0,cn]} w. According to (23), since p ≥ 1, E[w](0) ≥ E[w](c_n) − |λ||w(c_n)|^2 ∼ E[w](c_n) → +∞, as n → +∞, a contradiction. ⊔⊓

Lemma 2.15 Assume that p = (N + 2)/(N − 2), N ≥ 3. For every γ > 0, let w_γ be the solution of (20). Then,

E(γ) := lim_{s→+∞} E[w_γ ](s) exists , (24)

and if we denote by w_{∞,γ} the solution of (21) which satisfies w_{∞,γ}(0) = 0 , E[w_{∞,γ} ] ≡ E(γ) , then lim s→+∞ |wγ (s) − w∞,γ(s + c)| + | | |w′γ(s) − w′∞,γ(s + c) | | | = 0 , (25)

for some c ∈ IR . Moreover, the function E(γ) is continuous in (γ, λ).

Proof. The first part of the proof follows immediately from Lemma 2.9. The continuity of E(γ) with respect to γ and λ follows from the fact that E[w_γ ](t) approaches E(γ) exponentially, with an exponential rate depending continuously on γ and λ. ⊔⊓

Lemma 2.16 Assume that p = (N + 2)/(N − 2), N ≥ 3. For every γ > 0, let w_γ be the solution of (20) with λ > 0. Then, E(γ) ≥ E[w_γ ](s) for all s ≥ 0 such that w^′_γ(s) = 0 and E[w_γ ](s) > 0.

Proof. Let s_1 > 0 be such that w^′_γ (s_1) = 0 and E[w_γ](s_1) > 0. Since d ds (E[w_γ ](s)) = −λw_γ(s)w^′_γ (s)e^{−2s} for all s, there must exist s_2 > s_1 such that w^′_γ (s_2) = 0 . We claim that |w_γ(s_2)| ≥ |w_γ (s_1)| and E[w_γ ](s_2) ≥ E[w_γ ](s_1). Indeed, taking into account the properties of the function t → (N − 2)|t|^{2NN−2} /2N − (N − 2)^2|t|^2/8 , if we assume that |w_γ (s_2)| < |w_γ (s_1)| , then |w_γ(s)| < |w_γ (s_1)| for all s ∈ (s_1, s_2]. Then by (23) we have

E[w_γ](s_2) − E[w_γ](s_1) > λe^{−2s2} 2 (w^2_γ (s_1) − w^2_γ (s_2)) > 0 ,

a contradiction. Hence, |w_γ (s_1)| ≤ |w_γ (s_2)| and E[w_γ ](s_2) ≥ E[w_γ ](s_1). The lemma follows from Lemma 2.15. ⊔⊓

Lemma 2.17 For every γ > 0,

• E(γ) = 0 if and only if the solution u of (2) corresponding to (11)-(10) is bounded. In that case, u has a finite number of zeroes in the interval (0, 1).

• E(γ) > 0 if and only if u is unbounded and oscillates near the origin with sign changing oscillations.

• E(γ) < 0 if and only if u is unbounded at the origin, but has only a finite number of zeroes in (0, 1).

Proof. The cases E(γ) ≠ 0 immediatly follows from Lemma 2.15. Let us consider the case E(γ) = 0 : |w(s)| + |w^′(s)| tends to 0 as s goes to +∞. The function r → f(r) = w_γ(−ln r) satisfies |f(r)| + r|f^′(r)| → 0 as r goes to 0 and − ( rf^′(r) )′ = 1 r ( |f(r)|^{4N−2} f(r) − (N − 2)^2 4 f(r) + λr^2f(r) )

in the interval (0, 1). Hence, ( (rf^′)^2 2 )′ = (N − 2)^2 8 ( |f|^2 )′ − N − 2 2N ( |f|^{2NN−2} )′ − λr^2ff^′. Integrating the above equation, one obtains

rf^′(r) = ( N − 2 2 + h(r) ) f(r) , with h(r) = o(1) for r small enough. Hence, |f(r)|^2 is increasing near the origin.

Therefore, for r small enough, f(r) ∼ ℓ_γ(r)r^{(N−2)/2}, for some continuous function ℓ_γ, such that ℓ_γ (0) > 0. Finally, by (4), u_γ is bounded, has a finite number of zeroes in the interval (0, 1) and u_γ (0) = ℓ_γ(0). ⊔⊓

Lemma 2.18

(i) lim_{γ→+∞} E(γ) = +∞ ,

(ii) If λ ≥ 0, then lim sup_{γ→ 0+} E(γ) ≤ 0.

Proof. By Lemma 2.13, E(γ) ≤^{γ2}_2 , which proves (ii).

Assume first that λ ≥ 0. To prove (i), let us define

a(γ) = inf { s > 0 ; w^′_γ (s) = 0 } ∈ (0, +∞), and r(γ) = inf { s > 0 ; w^′_γ(s) = γ 2 } . Assume that there is a sequence {γ_n} such that γ_n → +∞ as n → +∞ and E(γ_n) uniformly bounded. By Lemma 2.16,

lim sup n→+∞ w_{γn} (a(γ_n)) = M < +∞ . Moreover,

γ_n/2 = | | |w′γ_n (r(γn)) − w′γ_n (0) | | | = r(γn)w′′γ_n (θnr(γn)) , for some θ_n ∈ (0, 1) . But ||w^{′′}_{γn} ||_∞ ≤ C_λ(M) := M^{N+2N−2} + λM . Therefore, γ_n ≤ r(γ_n)C_λ(M), and w_{γn} (a(γ_n)) ≥ w_{γn} (r(γ_n)) ≥ γ_nr(γ_n) 2 ≥ γ^2_n 4C_λ(M) −→_{n→∞} +∞ , a contradiction.

If λ < 0, |w|^{2NN−2} dominates |λ| |w|^2 > |λ|e^{−2s}|w|^2, which by similar arguments to the ones in the case λ ≥ 0 again provides a uniform in γ_n bound on w_{γn} (a(γ_n)). ⊔⊓

Proposition 2.19 Assume that for some λ > 0, there exists a positive bounded solution u of (2). Then, for all γ ∈ (0, −u^′(1)), the solutions of (2) with u^′(1) = −γ are unbounded at the origin and positive in (0, 1).

Proof. As a consequence of the uniqueness result for positive bounded solutions of (1) in an annulus proved in [35] for p = (N + 2)/(N − 2) , it is clear that for all γ ∈ (0, γ), u_γ > 0 in the interval (0, 1). Indeed, the uniqueness result implies that the largest zero of u_γ in (0, 1) is increasing in γ. In particular, if for some γ ∈ (0, γ), u_γ(c_γ ) = 0, c_γ ∈ (0, 1), there should be a zero of u_γ in (c_γ , 1), which contradicts our assumptions. Therefore, by Lemmas 2.15 and 2.18, E(γ) < 0 and the result follows. ⊔⊓

Finally, the following last lemma gives a result equivalent to (7) in the case of unbounded solutions of (9).

Lemma 2.20 Let γ, λ > 0 be such that E(γ) < 0 , where E(·) is defined by (24). If we denote by r_1 the smallest zero of u_γ in (0, 1), then

r^2_1 ≥ 2 |E(γ)| λC(γ) , for some C(γ) > 0.

Proof. Let w_γ be defined by (10). Since E(w_γ (− ln r_1)) > 0, according to Lemma 2.13,

|E(γ)| < |E(γ) − E(w_γ (− ln r_1))| = λ | | | | ∫ +∞ − ln r_1 w(s)w^′(s)e^{−2s}ds | | | | ≤ λ 2 C(γ)r^2_1

which proves the result. ⊔⊓

3 Critical case

In this section we assume that N ≥ 3 and consider the critical case p = (N + 2)/(N − 2). The known results on the branches of nodal bounded solutions can be summarized in the

Proposition 3.1 For every i ≥ 1 there exists a nonnegative contant μ_i ∈ [0, λ_i) and a continuous curve, C_i ⊂ {(λ, c) ∈ [0, +∞)^2} corresponding to the set of the bounded solutions u of (2) with i − 1 zeroes in the interval (0, 1) and such that u_c(0) = c. The point (λ_i, 0) belongs to C_i and the half-line (λ = μ_i, c > 0) is asymptotic to C_i.

When i = 1, C_1 can be parametrized by c > 0 and the function λ(c) is decreasing. In other words, for every λ ∈ (μ_1, λ_1), there is a unique bounded positive solution of (1).

If N = 3, μ_i = ( i −^1_2 )2 π^2. When N = 4, 5, μ_1 = 0 and μ_i = λ_{i−1} for i ≥ 2, and when N = 6, μ_1 = 0, 0 < μ_i < λ_{i−1} for all i ≥ 2.

The information on the value of μ_i given in the last part of the proposition above is based on previous results of Atkinson and Peletier[4] and Atkinson, Brezis and Peletier [3] (see also [7]). For the uniqueness, see [36], [37], [24]. The existence of the curve C_i is easily recovered using the parametrization given in Lemma 2.5, the comparison with the eigenvalues of the Laplacian in B_1 and Pohozaev’s identity. For the behavior of C_i as c → +∞, we can refer for instance to [2], [3], [4], [7].

Definition 3.2 We say that a point (λ, u) in a branch of solutions of (1) in (0, +∞) × L^∞ is regular if locally the branch can be parametrized by λ. A point λ ∈ (0, +∞) is k-regular if there exists a bounded solution with k − 1 zeroes u_k such that (λ, u_k) is regular. We define I_k as the projection of C_k on IR (I_k = (μ̃_k, λ_k) or I_k = [μ̃_k, λ_k), with (μ̃_k ≤ μ_k)) and denote by J_k the set J_k = {λ ∈ I_k : λ is k − regular } .

Remark 3.3 The number of k-singular points in I_k i.e. of the points which are in I_k \ J_k.

Theorem 3.4 Let N ≥ 3, p =^{N+2}_{N−2} . Then,

(i) If λ ∈ IR \ ∪^∞_{k=1}I_k, there is an uncountable number of solutions of (2) which are unbounded, oscillating at the origin, with sign changing oscillations. No other solutions to (2) exist.

(ii) If λ ∈ I_k for some k ≥ 1, then, there exist

• a bounded solution u_k with k−1 zeroes in (0, 1) (this solution is unique at least if k = 1),

• an uncountable number of solutions (2) which are unbounded, oscillating at the origin, with sign changing oscillations,

• an uncountable number of unbounded solutions (2) with k − 1 zeroes in (0, 1) if λ ∈ J_k.

Finally, all the above solutions of (2) are also solutions of (1) in D^′(B_1).

Remark 3.5 The classification of all solutions of (2) can be made by using the parameter γ := −u^′(1) and problem (9). In case (i), for all γ > 0, E(γ) > 0 and there exists a bounded, periodic and sign changing function w , such that the solution u_γ(r) of (9) behaves like r^{−2/(p−1)} w(−ln r) when r → 0^+.

In case (ii), there exists γ_k such that E(γ_k) = 0,

• u_{γk} is bounded and has k − 1 zeroes in (0, 1),

• if λ ∈ J_k, for an uncountable number of γ’s to the left of γ_k, E(γ) < 0, u_γ is singular, has (k−1) zeroes in (0, 1) and near the origin it behaves like r^{2/(p−1)} a(r) as r → 0^+ for some positive or negative bounded periodic function a(r).

• If γ > sup {γ > 0 : E(γ) = 0} , u_γ behaves like r^{−2/(p−1)} w(−ln r) when r → 0^+, w being periodic and sign changing.

In view of the numerical computations, one can conjecture that the whole branch of the bounded solutions with k − 1 zeroes can be parametrized as a monotone decreasing function of λ. In that case, J_k = I_k.

Proof of Theorem 3.4. By Lemmas 2.15, 2.17 and Proposition 3.1, if λ ∉ ∪^∞_{k=1}I_k, E(γ) does not change sign. Since by Lemma 2.18, E(γ) is positive for large γ, it follows that E(γ) > 0 for all γ > 0 . Hence, by Lemma 2.15, for s large, w_γ is close to the bounded, periodic and sign changing function w_{∞,γ}, which ends the proof of (i).

Let k ≥ 1. The set of k-regular points by definition is open. Consider a small interval V of such points and denote by (λ, u^λ_k ) a point on the branch such that λ ∈ V. Consider then

r^k_1 (λ) = min{r ∈ (0, 1) : u^λ_k(r) = 0} , ν_k(λ) = du^λ_k dr (r^k_1 (λ)) ,

and assume, without loss of generality, that ν_k(λ) > 0. The solution u^{λ,ν}_k of −u^{′′} − (N − 1) r u^′ = λu + |u|^{4N−2} u in (0, r^k_1 (λ)) (26)

u(r^k_1 (λ)) = 0 , du dr (r^k_1 (λ)) = ν.

does not change sign and is singular on (0, r^k_1 (λ)) for any ν < ν_k(λ) according to Proposition 2.19, and u^{λ,νk(λ)}_k = u^λ_k.

Consider now the extension of u^{λ,ν}_k to (0, +∞) and define ρ^{λ,ν}_k as its k^{th} zero. For ν ≤ ν_k(λ), ũ^{λ,ν}_k (r) = (ρ^{λ,ν}_k )^{N−2}2 u^{λ,ν}_k (r · ρ^{λ,ν}_k ) is the unique solution (singular with k − 1 zeroes) of −u^{′′} − (N − 1) r u^′ = λ̃_k(ν, λ)u + |u|^{N−22} u in (0, 1) (27)

u(1) = 0 , du dr (1) = γ_k(ν, λ)

where λ̃_k(ν, λ) = λ · (ρ^{λ,ν}_k )^2 and γ_k(ν, λ) = (ρ^{λ,ν}_k )^N2 ·^{duλ,νk}_{dr} (ρ^{λ,ν}_k ). The map M^k : W = {(ν, λ) ∈ (0, +∞) × V : ν < ν_k(λ)} → (0, +∞) × (0, +∞) (ν, λ) → (γ_k(ν, λ), λ̃_k(ν, λ)) is continuous. Moreover, there cannot exist two pairs (λ_1, ν_1), (λ_2, ν_2) such that M_k(λ_1, ν_1) = M_k(λ_2, ν_2) if ν_1 = ν_k(λ_1) but ν_2 < ν_k(λ_2). Indeed, if M_k(λ_1, ν_1) = M_k(λ_2, ν_2), u^{λ1,ν1}_k will be equal to u^{λ2,ν2}_k up to scaling, because ũ^{λ2,ν2}_k ≡ ũ^{λ2,ν2}_k . But, under the above assumptions u^{λ1,ν1}_k is bounded in (0, 1), while u^{λ2,ν2}_k is unbounded in that same interval. An inspection of the boundaries of M^k(W) ∩ (0, +∞) × V shows that for any interval (a, b) such that [a, b] ⊂ V, for λ ∈ (a, b) and for γ in the interval of bounds

γ_k(λ) := γ_k(ν_k(λ), λ) = du^λ_k dr (1) and γ_k(λ) = inf{γ < γ_k(λ) : (p, λ) ∈ M^k(W) ∀ p ∈ (γ, γ_k(λ)} , the corresponding solution of (2) is singular with k − 1 zeroes in (0, 1). But by the above arguments, γ_k(λ) < γ_k(λ) for all λ ∈ (a, b), thus proving (ii).

Finally, the fact that all the solutions of (2) are also solutions of (1) follows from Lemma 2.1. ⊔⊓

4 Subcritical case

As in the critical case, we will use the change of variables (10) to study the solution set of (2) when 1 < p < (N + 2)/(N − 2), N ≥ 2. The function u is a solution of (9) if and only if w is a solution of

w^{′′} + L_1w^′ + |w|^{p−1}w + L_2w + λe^{−2s}w = 0 in (0, +∞) ,

w(0) = 0 , w^′(0) = −u^′(1) = γ ,

(28)

We notice that in the subcritical case, 1 < p < (N + 2)/(N − 2), the coefficient of w^′ in (28) is always positive, that is L_1 = ( 4 p−1 − N + 2 ) > 0.

On the other hand, the sign of L_2 =^2_{(p−1)2} ((p+1)−(N −1)(p−1)) depends on p : L_2 > 0 if and only if 1 < p < N/(N − 2). Moreover, L_2 = 0 when p = N/(N − 2). The fact that L_2 changes sign in the subcritical exponent interval explains why the solution set of (2) will be quite different when p ≤ N/(N − 2) and when p > N/(N − 2).

But before going into the details, let us again define an ’energy’ functional adapted to equation (28). If for any function w ∈ C^1(0, +∞), we define E_{sb}[w] = 1 2 |w^′|^2 + 1 p + 1 |w|^{p+1} + L_2 2 |w|^2 , we notice that for every solution of (28), we have d ds (E_{sb}[w](s)) = −L_1|w^′(s)|^2 − λe^{−2s}w(s)w^′(s) . Throughout this section, we shall refer to [29], [5], [13], [32] and [19] for results concerning the existence, to Lemma 2.8 for the comparison with linear eigenvalue problems and estimates on the bounded solutions, and to [24], [36] and [37] for the uniqueness of the positive bounded solution when it exists.

Theorem 4.1 Let 1 < p < N/(N − 2) and assume that for some i_0 ≥ 1, λ < λ_{i0} . Then, all the solutions of (2) in D^′(0, 1) are bounded and radial solutions of (1) in D^′(B_1) . Moreover, for every i ≥ i_0, there exists at least a solution of (1), u_i, which is bounded and has i − 1 zeroes in (0, 1). The positive bounded solution, which exists if λ < λ_1 , is unique.

Proof. By Lemma 2.9 and Remark 2.10, when 1 < p < N/(N − 2), w_γ (s) converges to 0 as s goes to +∞, for all γ > 0. Then, by Lemma 2.11 and Remark 2.12, when s is large enough, w will be asymptotically small and close to some function Ce^{νs}, where C > 0 and ν is a solution of the characteristic equation ν^2 + L_1ν + L_2 = 0 . (29)

A straightforward computation shows that (29) has two solutions ν_1 = −2/(p − 1) and ν_2 = N − 2 − 2/(p − 1). Moreover, ν_2 < 0 only if 1 < p < N/(N − 2). By the change of variables (4), if w behaves near 0 as Ce^{ν1s}, the corresponding u satisfies u(0) = C > 0 and u ∈ L^∞(B_1). Also, if, near 0, w behaves as Ce^{ν2s}, the corresponding u satisfies u(r) ∼ Cr^{2−N} near 0. Such a function is a solution of (2) but is not a solution of (1), because the singularity at the origin is not removable. Indeed, it introduces a Dirac mass in the second term of the equation. Hence, no singular solution of (1) exists when 1 < p < N/(N − 2).

Theorem 4.2 Let N ≥ 3 and N/(N − 2) < p < (N + 2)/(N − 2). Then, if λ < λ_{i0} for some i_0 ≥ 1, there exists :

• a bounded and smooth solution of (2), u_i, with (i − 1) zeroes in (0, 1), for all i ≥ i_0 (if it exists, i. e. if λ < λ_1 , the bounded positive solution u_1 is unique),

• an uncountable set of unbounded solutions with a finite number of zeroes in (0, 1). All these solutions behave at the origin like a(r)r^{−2/(p−1)} for some bounded function a(r) which is bounded away from 0 at the origin.

Under the assumptions of this theorem, the number of zeroes is finite for all solutions of (2) and all the solutions of (2) are also solutions of (1).

Proof. By Lemma 2.9 and Remark 2.10, for all γ > 0, w_γ converges to a zero of V (w) = |w|^{p−1}w + L_2w as s goes to +∞. In this case, the zeroes of V are 0 and ±(−L_2)^{1/(p−1)}. Moreover, if w goes to 0 at infinity, it has to go necessarily like C e^{−2s/(p−1)} (see Lemma 2.11), for some C > 0, which implies that the corresponding solution of (2), u, is bounded and u(0) = C. On the other hand, if w tends to ±(−L_2)^{1/(p−1)} at infinity, the corresponding u will be singular at the origin, with a singularity like r^{−2/(p−1)} giving rise to a singular solution of (1) by Lemma 2.1 (removability of the singularity), which has a finite number of zeroes in (0, 1). Since for given i, λ, there is an a priori bound on ||u||_C1_{([0,1])} for any (λ, u) ∈ C_i, whenever γ is large enough, u_γ is not bounded, i.e., w_γ converges to ±(−L_2)^{1/(p−1)} at infinity. The rest of the proof is done by following the same arguments as those used to prove Theorems 3.4 and 4.1. ⊔⊓

Theorem 4.3 Let N ≥ 3 and p = N/(N − 2). Then, if λ < λ_{i0} for some i_0 ≥ 1, there exists :

• a bounded and smooth solution of (2), u_i, with (i − 1) zeroes in the interval (0, 1), for all i ≥ i_0, and the bounded positive solution is unique if it exists,

• an uncountable set of unbounded solutions with a finite number of zeroes in (0, 1). All these solutions behave at the origin like C_0|ln r|^{−1/(p−1)}r^{−2/(p−1)} with C_0 = ((N − 2)/ √ 2)^{N−2}.

Under the assumptions of this theorem, the number of zeroes is finite for all solutions of (2) and all the above solutions of (2) are also solutions of (1).

We skip the proof of the above theorem since it is quite similar to the above ones.

5 Supercritical case

When p > (N + 2)/(N − 2), we shall consider a change of variables different from (4) : for solutions u of (2), we define w as u(r) = r^{−α}w(s) , s = r^{−β} , (30) with α = 2(N − 1)

p + 3 , β = N − 2 − 4(N − 1) p + 3 . (Note that in the limit p → (N + 2)/(N − 2) , α → (N − 2)/2 and β → 0^+). To a solution u_γ of (9) corresponds now a solution of { β^2w^{′′} + |w|^{p−1}w −^{μ2w}_{s2} +^{λw}_{s2/β+2} = 0 in (1, +∞) , w(1) = 0 , w^′(1) = −u^′_γ(1)/β = γ/β ,

(31)

with μ^2 = α(N − 2 − α) . Next, we define the ’energy’ functional F[w] = β^2 2 |w^′|^2 + 1 p + 1 |w|^{p+1}, and we notice that for any solution of (31), w, we have d ds (F[w](s)) = ( − λw(s) s^{2/β+2} + μ^2w(s) s^2 ) w^′(s) . (32)

Let us now prove two qualitative results on the solutions of (31), in the spirit of Lemmas 2.13 and 2.16.

Lemma 5.1 Let p > (N + 2)/(N − 2), N ≥ 3. Then, if w is a solution of (31) for some γ > 0 and F is the ’energy’ functional defined above, for any a, b large with a < b < +∞ , such that w(a) = w(b) = 0 , we have F[w](b) > F[w](a) .

Proof. From (32), an integration by parts provides

F[w](s_2) − F[w](s_1) = − λ β ∫ s_2 s_1 |w(s)|^2 ds s^{2/β+3} +μ^2 ∫ s_2 s_1 |w(s)|^2 ds s^3 − λ |w(s)|^2 2s^{2/β+2} | | | | | s_2

s_1

+ μ^2 |w(s)|^2 2s^2 | | | | | s_2

s_1

, (33)

and since β is positive, the lemma follows for a, b large enough. ⊔⊓

Lemma 5.2 Let p > (N + 2)/(N − 2), N ≥ 3 and λ ≥ 0. Then, for all γ > 0, there exists a constant C_γ > 0 such that if w is a solution of (31) , then |w(s)| ≤ C_γ , for all s ≥ 0 . Moreover, lim γ→+∞ lims→+∞ F[w](s) = +∞. (34) Proof. Consider (33) with s_1 fixed and s_2 =s_n such that lim n→+∞ |w(sn)|=+∞ and w(sn) = max(s_1,s_n] w(s) : F[w](s_n) ≤ C + C|w(s_n)|^2 = o ( |w(s_n)|^{p+1} ) , for some constant C > 0, a contradiction. The proof of (34) is similar to the proof of Lemma 2.18 and is left to the reader. ⊔⊓

For p ≥ p̃_N := 3N/(N − 2) , solutions of (2) which are singular, sign changing, oscillating near 0, do not belong to L^p_{loc}(B_1) and are not weak solutions in the usual sense. Because these solutions are sign changing, it is however possible to consider them as solutions “in the sense of the principal value”, giving sense to |u|^{p−1}u as the distribution corresponding to its principal value VP (|u|^{p−1}u) : <VP (|u|^{p−1}u), φ > := lim_{ε→0} ∫ B_1\Bε |u|^{p−1}u φ dx , for all φ ∈ D(B_1) . (35)

We can now prove the following

Theorem 5.3 Let N ≥ 3 and p > (N + 2)/(N − 2).

For every λ ∈ IR, there is an uncountable number of solutions of (2) which are unbounded, sign changing and oscillating near the origin. More precisely, for an uncountable number of γ > 0, the solution to (9), u_γ(r), is equivalent near 0 to w̃(r^{−β})r^{−2(N−1)/(p+3)}, β = N − 2 − 4(N − 1)/(p + 3) , where w̃ is a non trivial periodic, bounded and sign changing solution of β^2w̃^{′′} + |w̃|^{p−1}w̃ = 0 in the interval (0, +∞).

For every k ≥ 1 let us denote by I_k the interval of λ’s such that (2) has a bounded solution with k − 1 zeroes in (0, 1). By Pohozaev’s identity, I_k ⊂ (0, +∞). Then,

• For λ ∈ IR \ ∪^{+∞}_{k=1}I_k, all the solutions of (2) are oscillating near the origin, as described above.

• For every k ≥ 1 there is a unique λ^∗_k ∈ I_k such that (2) has a unique unbounded solution u^∗_k with k − 1 zeroes in the interval (0, 1). Moreover, r^{2/(p−1)}u^∗_k(r) ∈ L^∞(0, 1).

Finally, all the above solutions of (2) are also solutions of (1) if p < p̃_N or if p > p̃_N and u has a finite number of zeroes in the interval (0, 1) . If p ≥ p̃_N and u is oscillatory and sign changing near the origin, then u ∉ L^p_{loc}(B_1) and u is a distributional solution of (1) “in the sense of the principal value”.

The numerical computations performed for this problem by C.J. Budd and J. Norbury (see [10]) suggest that λ^∗_1−δ ∈ I_1 for δ > 0 small enough, and that for λ = λ^∗_1 there is an infinite sequence of bounded positive solutions of (1) and a unique singular positive solution.

Proof. First we recall a result of F. Merle and L.A. Peletier [26] showing the existence of a unique λ^∗_1 ∈ (0, λ_1) for which there exists a singular positive solution of (1) (note that a simple rescaling argument provides the uniqueness of singular solutions with a fixed number of zeroes). Moreover, the branch of solutions bifurcating from λ_1, obtained by classical bifurcation theory (see [29]), becomes unbounded exactly at λ = λ^∗_1. The behavior at the singularity can also be found in [26]. Lemma 2.8 shows the nonexistence of bounded nontrivial solutions of (2) for all λ ≥ λ_1, while for λ ≤ 0 , the nonexistence result follows from Pohozaev’s identity.

Thus, in view of Lemmas 5.1, 5.2 and their proofs, we only have to prove that there is an uncountable number of sign changing oscillatory solutions for all λ > 0 and that all the singularities at the origin are removable. Moreover, from Lemmas 2.9 and 5.1, for every γ > 0, the sign changing oscillatory solutions of (31) are asymptotically close, as s goes to +∞, to a periodic, bounded, nonconstant function. Hence, by (30), the corresponding solutions of (2) behave near the origin as u(r) ∼ r^{−α}w̃(r^{−β}) , where w̃ is a periodic, bounded, nonconstant and sign changing solution of β^2 w̃^{′′} + |w̃|^{p−1} w̃ = 0.

For every λ ∈ IR, there is a ’continuum’ of sign changing oscillating such solutions according to Lemma 5.2.

The removability of the singularities of solutions with a finite number of zeroes in the interval (0, 1) follows from Lemma 2.1. The same argument can be used to remove the singularity at the origin for the oscillating, sign changing solutions of (2) if p < 3N/(N − 2).

There is a different difficulty about the sign changing oscillating solutions of (2) when p ≥ 3N/(N − 2). In this case, u is not in L^p_{loc}(B_1), and hence, one has to use (35) to define u as a weak solution of (1). Elementary asymptotics indeed show that the integral of |u|^{p−1}u on B_1 \ B̄_ε gives rise to an oscillating, sign changing function of ε which converges as ε → 0^+ (this can be proved by means of a convergent alternate numerical series). ⊔⊓

6 Appendix A : a sharp estimate of Pohozaev type

From the results of Section 2, it follows that when N = 3, p = 5, equation (1) has no bounded or unbounded positive solution for any λ ≤ π^2/4. The nonexistence of bounded solutions was proved by H. Brezis and L. Nirenberg in [7]. The nonexistence of unbounded positive solutions follows from Lemmas 2.15 2.17 and 2.18.

This annex is devoted to a direct proof of this result for 0 < λ ≤ π^2/4 using the solution w of (20). To do this, we prove that for all γ > 0, E(γ) has to be positive, and then apply Lemma 2.17. For λ ≤ 0 , the result follows from Pohozaev’s identity.

Theorem 6.1 Let N = 3, p = 5 and 0 < λ ≤ π^2/4. Then for all γ > 0, E(γ) > 0. Therefore, all solutions of (2) are oscillatory at the origin, with unbounded sign changing oscillations and weak solutions of (1) (in the distributional sense).

Proof. Let us consider a function g ∈ C^2([0, +∞)) ∩ L^∞(0, ∞) such that g(0) ≥ 0, g(t) is increasing in t and g^′(t) , g^{′′}(t) tend to 0 as t goes to +∞.

Consider the equation for w given by (20) when N = 3 : −w^{′′} = |w|^4w − w 4 + λ e^{−2s}w, (36) multiply it by gw^′ and integrate between 0 and T : − g(0)|w^′(0)|^2 2 − ∫ T 0 g^′(t)|w^′(t)|^2 2 dt = ∫ T 0 g^′(t) { |w(t)|^6 6 − |w(t)|^2 8 } dt

−g(T )E[w](T ) − λ 2 g(T )e^{−2T} |w(T )|^2+ λ ∫ T 0 |w(t)|^2e^{−2t} ( g^′(t) 2 − g(t) ) dt. (37) Now, multiplying equation (36) by^1_2 wg^′ and integrating, we get

w^′(T )w(T )g^′(T ) 2 − |w(T )|^2g^{′′}(T ) 4 − ∫ T 0 |w^′(t)|^2g^′(t) 2 dt + ∫ T 0 |w(t)|^2g^{′′′}(t) 4 dt

= ∫ T 0 |w(t)|^2g^′(t) 8 dt − ∫ T 0 |w(t)|^6g^′(t) 2 dt − λ ∫ T 0 |w(t)|^2g^′(t)e^{−2t} 2 dt . (38) Adding up (37) and (38) and taking into account the assumptions made on g, we obtain : lim T →+∞ (∫ T 0 |w(t)|^2 ( g^{′′′}(t) 4 − g^′(t) 4 + λe^{−2t}(g^′(t) − g(t)) ) dt

+ 2 3 ∫ T 0 |w(t)|^6g^′(t) dt ) = lim T →+∞ g(T )E[w](T ) − 1 2 g(0)w^′(0)^2 , (39)

since from Lemma 2.15, for any γ > 0, the functions w_γ and w^′_γ are bounded in the interval (0, ∞).

Finally, we choose the function g(t) =^{sin}(^2 √ λe^{−t}) 2 √ λe^{−t} which satisfies all the

required assumptions if and only if λ ≤ π^2/4 (g(0) ≥ 0). This function is solution to the differential equation g^{′′′} 4 − g^′ 4 + λ(g^′ − g)e^{−2t} = 0 .

With this choice of the function g, (39) reads :

0 < lim_{T →+∞} ∫ T 0 2 3 g^′(t)|w(t)|^6dt = E(γ) − 1 2 g(0)|w^′(0)|^2 . (40)

So, if g(0) ≥ 0 , E(γ) has to be positive. ⊔⊓

7 Appendix B: Some plots

CRITICAL CASE Let us first consider a solution w(t) of w^{′′} −^w_4 +λe^{−2t}+|w|^4w = 0 corresponding to a radial solution of Δu + |u|^4u + λu = 0 in the critical case 5 =^{N+2}_{N−2}

for N = 3, E[w] =^{|w′|2}_2 +^{|w|6}_6 −^{|w|2}_8 and z(t) = w^′(t). We assume that

π^2

4 < λ = 8 < π^2. Define the asymptotic ’energy’ I(g) = lim_{t→+∞} E[w](t) where w is the solution defined by to w(0) = 0, w^′(0) = z(0) = g. Depending whether I(g) is positive, zero or negative, we have the three following cases (where the left plot corresponds to the parametric curve t → (w(t), E[w](t)) – the potential w →^{|w|6}_6 −^{|w|2}_8 is also represented, and the right plot is the representation in the phase space of t → (w(t), z(t) = w^′(t)).

Figure 1. I(g_1) > 0: u is singular and oscillating near 0.

Figure 2. I(g_2) < 0: u is singular but non oscillating (positive).

Figure 3. I(g_3) = 0: u is the unique bounded (smooth) solution.

Figure 4. The curve g → I(g) is the crucial tool for the classification of the solutions in the critical case. It strongly depends on the value of λ. There is a unique classical (bounded, positive, smooth) solution for the left plot corresponding to I(g = g_3) = 0, for a given λ = 8 ∈ (^{π2}_4 , π^2), and no such solution (all solutions are singular and oscillating) for the right plot, corresponding to the case π^2 < λ = 11 <^{9π2}_4 .

Figure 5. In the critical case p =^{N+2}_{N−2} = 2 for N = 6, several branches of bounded solutions may intersect the vertical line λ × IR. The curve g → I(g) = lim_{t→+∞} E[w](t) where w is the solution of w^{′′}−4w+λe^{−2t}w+|w|w = 0 corresponding to w(0) = 0, w^′(0) = g and E[w] =^{|w′|2}_2 +^{|w|3}_3 − 2|w|^2 then has several zeroes corresponding to bounded solutions. The left and the right plots correspond to λ = 20 and λ = 23.5 respectively.

SUBCRITICAL CASE

Figure 6. Consider for N = 3 the solutions of Δu+|u|^3u+λu = 0 (3 =^N_{N−2} <

4 <^{N+2}_{N−2} = 5) with λ = 8. E[w](t) =^{|w′|2}_2 +^{|w|5}_5 −^{|w|2}_8 converges as t → +∞ to a critical point of w →^{|w|5}_5 −^{|w|2}_8 , which is different from 0 if w(t) is a solution of w^{′′} −^w_4 + λe^{−2t} + |w|^3w = 0 corresponding to a radial singular solution u. On the left is shown a representation of t → (w(t), E[w](t)) decaying to a minimum of w →^{|w|5}_5 −^{|w|2}_8 , while on the right the same solution is represented in the phase space.

Acknowledgements. The authors want to thank warmfully Michel Vanbreugel for his help in the numerical investigation of the properties of the solutions.

One of us (R. B.) would like to thank Ceremade (Université Paris IX- Dauphine) for their kind hospitality while part of this work was done.

References

[1] Adimurthi, S. L. Yadava. Elementary proof of the nonexistence of nodal solutions for the semilinear elliptic equations with critical Sobolev exponent. Nonlinear Anal. 14 (1990), no. 9, 785-787.

[2] F.V. Atkinson, H. Brezis, L.A. Peletier. Solutions d’équations elliptiques avec exposant de Sobolev critique qui changent de signe. (French) [Nodal solutions of elliptic equations with critical Sobolev exponents] C. R. Acad. Sci. Paris Sér. I Math. 306 (1988), no. 16, 711-714.

[3] F.V. Atkinson, H. Brezis, L.A. Peletier. Nodal solutions of elliptic equations with critical Sobolev exponents. J. Diff. Eqs. 85 (1990), 151-170.

[4] F.V. Atkinson, L.A. Peletier. Large solutions of elliptic equations involving critical exponents. Asymptotic Anal. 1 (1988), 139-160.

[5] H. Berestycki. On some nonlinear Sturm-Liouville problems. J. Differential Equations 26 (1977), no. 3, 375-390.

[6] H. Brezis, P.-L. Lions. A note on isolated singularities for linear elliptic equations. Mathematical analysis and applications, Part A, 263-266, Adv. in Math. Suppl. Stud., 7a, Academic Press, New York-London, 1981.

[7] H. Brezis, L. Nirenberg. Positive solutions of nonlinear elliptic equations involving critical exponents. Comm. Pure Appl. Math. 36 (1983), 437- 477.

[8] H. Brezis, L.A. Peletier. Asymptotics for elliptic equations involving critical growth. Partial differential equations and the calculus of variations, Vol. I, 149-192, Progr. Nonlinear Differential Equations Appl., 1, Birkhäuser Boston, Boston, MA, 1989.

[9] C. J. Budd, A. R. Humphries. Weak finite-dimensional approximations of semi-linear elliptic PDEs with near-critical exponents. Asymptot. Anal. 17 (1998), no. 3, 185-220.

[10] C. J. Budd, J. Norbury. Semilinear elliptic equations and supercritical growth. J. Differential Equations 68 (1987), no. 2, 169-197.

[11] C. J. Budd, L. A. Peletier. Asymptotics for semilinear elliptic equations with supercritical nonlinearities in annular domains. Asymptotic Anal. 6 (1993), no. 3, 219-239.

[12] A. Capozzi, D. Fortunato, G. Palmieri. An existence result for nonlinear elliptic problems involving critical Sobolev exponent. Ann. Inst. H. Poincaré Anal. Non Linéaire 2 (1985), no. 6, 463-470.

[13] A. Castro, A. C. Lazer. Critical point theory and the number of solutions of a nonlinear Dirichlet problem. Ann. Mat. Pura Appl. 120 (1979), no. 4, 113-137.

[14] G. Cerami, D. Fortunato, M. Struwe. Bifurcation and multiplicity results for nonlinear elliptic problems involving critical Sobolev exponents. Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), no. 5, 341- 350.

[15] G. Cerami, S. Solimini, M. Struwe. Some existence results for superlinear elliptic boundary value problems involving critical exponents. J. Funct. Anal. 69 (1986), no. 3, 289-306.

[16] E. A. Coddington, N. Levinson. Theory of Ordinary Differential Equations. McGraw-Hill, 1955.

[17] M. Comte. Solutions of elliptic equation with critical Sobolev exponent in dimension three. Nonlinear Anal. 17 (1991), no. 5, 445-455.

[18] R. Emden. Gaskugeln, Anwendungen der mechanischen Warmentheorie auf Kosmologie und meteorologische Probleme, Ch. XII, Teubner, Leiptzig, 1907.

[19] M.J. Esteban. Multiple solutions of semilinear elliptic problems in a ball. J. Differential Equations 57 (1985), no. 1, 112-137.

[20] D. G. de Figueiredo, P.-L. Lions, R. D. Nussbaum. A priori estimates and existence of positive solutions of semilinear elliptic equations. J. Math. Pures Appl. 61 (1982), no. 1, 41-63.

[21] R.H. Fowler. The form near infinity of real continuous solutions of a certain differential equation of second order. Quart. J. Math. 45 (1914), 289-350.

[22] R.H. Fowler. Further studies on Emden’s and similar differential equations. Quart. J. Math. 2 (1931), 259-288.

[23] M. Guedda, L. Veron. Local and global properties of solutions of quasilinear elliptic equations. J. Diff. Eq. 76 (1988), no. 1, 159-189.

[24] M.K. Kwong, Y. Li. Uniqueness of radial solutions of semilinear elliptic equations. Trans. A.M.S. 333 (1992), 339-363.

[25] P.-L. Lions. Isolated singularities in semilinear problems. J. Differential Equations 38 (1980), no. 3, 441-450.

[26] F. Merle and L.A. Peletier, Positive solutions of elliptic equations involving supercritical growth. Proc. Roy. Soc. Edinburgh Sect. A 118 (1991), no. 1-2, 49-62.

[27] F. Merle, L.A. Peletier, J. Serrin. A bifurcation problem at a singular limit. Indiana Univ. Math. J. 43 (1994), no. 2, 585-609.

[28] S.I. Pohozaev. Eigenfunctions of the equation Δu + λf(u) = 0. Sov.

Math. Dokl. 6 (translated from the Russ. Dokl. Akad. Nauk SSSR 165 (1965), 33-36).

[29] P.H. Rabinowitz. Some aspects of nonlinear eigenvalue problems. Rocky Mountain Consortium Symposium on Nonlinear Eigenvalue Problems (Santa Fe, N.M., 1971). Rocky Mountain J. Math. 3 (1973), 161-202.

[30] O. Rey. Un résultat de multiplicité dans un problème variationnel non compact. C. R. Acad. Sci. Paris Sér. I Math. 306 (1988), 715-718.

[31] J. Serrin, H. Zou. Classification of positive solutions of quasilinear elliptic equations. Topol. Methods Nonlinear Anal. 3 (1994), no. 1, 1-25.

[32] M. Struwe. Superlinear elliptic boundary value problems with rotational symmetry. Arch. Math. (Basel) 39 (1994), no. 3, 233-240.

[33] G. Tarantello. Nodal solutions of elliptic equations with critical exponent. C. R. Acad. Sci. Paris Sér. I Math. 313 (1991), no. 7, 441-445.

[34] G. Tarantello. Nodal solutions of semilinear elliptic equations with critical exponent. Differential Integral Equations 5 (1992), no. 1, 25-42.

[35] S.L. Yadava. Uniqueness of positive radial solutions of the Dirichlet problems −Δu = u^p ± u^q in an annulus. J. Diff. Eqs. 139 (1997), 194-217.

[36] L.Q. Zhang. Uniqueness of positive solutions to semilinear elliptic equations. (Chinese) Acta Math. Sci. (Chinese) 11 (1991), no. 2, 130-142.

[37] L.Q. Zhang. Uniqueness of positive solutions of Δu + u + u^p = 0 in a finite ball. Comm. P.D.E. 17 (1992), 1141-1164.